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We study the quantum dynamics of a one-dimensional gas of impenetrable bosons on a ring, and investigate
the interference that results when an initially trapped gas localized on one side of the ring is released, split via
an optical-dipole grating, and recombined on the other side of the ring. Large visibility interference fringes arise
when the wavevector of the optical dipole grating is larger than the effective Fermi wavevector of the initial gas.
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I. INTRODUCTION

Recently, theoretical arguments have been presented [1, 2]
to demonstrate that several stimulated processes for matter
waves such as four-wave mixing, superradiance and matter-
wave amplification can be achieved in degenerate fermion
gases as well as in Bose-condensed gases. Although such col-
lective phenomena are often interpreted as characteristic of
Bose-condensed systems, these theoretical studies show that
this need not be the case. One of the earliest examples of
matter-wave coherence was the demonstration of interference
fringes in the density profile produced by colliding two Bose
condensates (BECs) [3]. While it is true that the existence of
off-diagonal long range order (ODLRO) in a system automat-
ically implies first-order coherence, and density fringes may
thus arise in a suitably designed interference experiment, this
does not imply that if density fringes are observed the system
under consideration automatically possesses ODLRO. In fact,
such interference fringes can also arise for suitably prepared
fermionic or thermal atom sources.

Our goal in this paper is to show that strong interference
fringes can arise in a one-dimensional (1D) gas of impene-
trable bosons, a Tonks-Girardeau (TG) gas, the conditions for
which are essentially opposite from those required for BEC
[4, 5], namely, the regime of low temperatures and densi-
ties and large positive scattering lengths where the transverse
mode becomes frozen and the many-body Schrödinger dy-
namics becomes exactly soluble via a generalized Fermi-Bose
mapping theorem [6, 7]. Even at zero temperature the TG
gas does not display BEC into a single orbital, the condensate
fraction varying as f ≈ 1/

√
N for a system of N particles

[8, 9]. The TG gas is therefore a good model system in which
to study interference effects in non-condensed gases in 1D,
which are currently of relevance due to experimental efforts
to fabricate atomic waveguides for matter wave interferome-
ters [10, 11]. Due to the intimate relation between the TG gas
and a gas of free fermions via the Fermi-Bose mapping our
results also apply to the latter.

A simple model to study the dynamics of a TG gas is in a
ring geometry which automatically imposes periodic bound-
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ary conditions. For the study of interference in 1D this geome-
try has the advantage that atomic wavepackets can be split and
recombined without losing the strictly 1D nature of the sys-
tem. In particular, we investigate the interference that results
when an initially trapped gas localized on one side of the ring
is released, split via an optical-dipole grating, and recombined
on the other side of the ring. We study the dependence of the
resulting interference fringes on various parameters such as
the wavevector of the optical dipole grating and the number
of atoms in the wavepacket.

The remainder of this paper is organized as follows: In Sec-
tion II we set up our basic model, describe the Fermi-Bose
mapping crucial for the description of a TG gas, and consider
various conditions that need to be satisfied by our model for
a consistent physical description. In section III we present
numerical and analytic results for interference patterns and
discuss experimental feasibility. Finally, we conclude with
a discussion of the implications of our results and potential
applications.

II. BASIC MODEL FOR INTERFERENCE

In this section we describe our basic model of a TG gas
on a ring, and describe our method of solving the quantum
dynamics of the problem using the Fermi-Bose mapping.

A. Tonks-Girardeau gas on a ring

The fundamental model we consider comprises of a 1D gas
of N hard core bosonic atoms on a ring. This situation may
be realized physically using a toroidal trap of high aspect ra-
tio R = 2L/`0 where 2L is the toroid circumference and `0
the transverse oscillator length `0 =

√

h̄/mω0 with ω0 the
frequency of transverse oscillations, assumed to be harmonic.
The transverse trap potential is assumed to be radially sym-
metric about an axis consisting of a circle on which the trap
potential is minimum. The longitudinal (circumferential) mo-
tion can be described by a 1D coordinate x along the ring with
periodic boundary conditions applied. Then at zero tempera-
ture the quantum dynamics of the system is described by the
time-dependent many-body Schrödinger equation (TDMBSE)
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ih̄∂ΨB/∂t = ĤΨB with Hamiltonian

Ĥ = − h̄2

2m

N
∑

j=1

∂2

∂x2
j

+ V (x1, · · · , xN ; t). (1)

Here xj is the 1D position of the jth particle,
ψB(x1, · · · , xN ; t) is the N-particle wave function with
periodic boundary conditions

ΨB(x1, x2 . . . , xj+2L, . . . , xN ) = ΨB(x1, x2 . . . , xj . . . , xN ),
(2)

which is also symmetric under exchange of any two particle
coordinates in keeping with the Bose nature of the atoms, and
the many-body potential V is symmetric (invariant) under per-
mutations of the particles. The two-particle interaction poten-
tial is assumed to contain a hard core of 1D diameter a. This is
conveniently treated as a constraint on allowed wave functions
ΨB(x1, · · · , xN ; t):

ΨB = 0 if |xj − xk| < a , 1 ≤ j < k ≤ N, (3)

rather than as an infinite contribution to V , which then con-
sists of all other (finite) interactions and external potentials.
Here we explicitly consider the case a → 0 corresponding to
a gas of impenetrable point bosons.

B. Fermi-Bose mapping

To construct time-dependent many-boson solutions of Eq.
(1) we employ the Fermi-Bose mapping [6, 12, 13] and
start from fermionic solutions ΨF (x1, · · · , xN ; t) on a ring of
length 2L of the TDMSE ih̄∂ΨF /∂t = ĤΨF which are anti-
symmetric under all particle pair exchanges xj ↔ xk, hence
all permutations. Next introduce a “unit antisymmetric func-
tion”

A(x1, · · · , xN ) =
∏

1≤j<k≤N

sgn(xk − xj), (4)

where sgn(x) is the algebraic sign of the coordinate difference
x = xk − xj , i.e., it is +1(-1) if x > 0(x < 0). For a given
antisymmetric ΨF , define a bosonic wave function ΨB by

ΨB(x1, · · · , xN ; t) = A(x1, · · · , xN )ΨF (x1, · · · , xN ; t),
(5)

which defines the Fermi-Bose mapping. Then ΨB satisfies
the hard core constraint (3) if ΨF does, is totally symmetric
(bosonic) under permutations, and obeys the same boundary
conditions [6, 7]. In the Olshanii limit [4] (low density, tight
confined toroidal trap, large scattering length) the dynamics
reduces to that of the impenetrable point Bose gas, the a→ 0
limit of Eq. (3). Then under the assumption that the many-
body potential V of Eq. (1) is a sum of one-body external
potentials V (xj , t), the solution of the fermion TDMBSE can
be written as a Slater determinant [6, 13]

ΨF (x1, · · · , xN ; t) =
1√
N !

(N−1,N)

det
(n,j)=(0,1)

φn(xj , t), (6)

x=0

x=±L

x=0x= -L x= +L

(b)

(a)

FIG. 1: (a) Our basic model consists of N hard core bosons trapped
on a ring of circumference 2L. (b) By unfolding the ring we describe
the system using a 1D coordinate x ∈ [−L, L]. The coincident point
x = −L ≡ L is chosen at the center of the initial trapped gas.

where the φn are orthonormal solutions of the single particle
time-dependent Schrödinger equation (TDSE)

ih̄
∂φn(x, t)

∂t
=

[

− h̄2

2m

∂2

∂x2
+V (x, t)

]

φn(x, t). (7)

It then follows that ΨF satisfies the TDMBSE, and it satisfies
the impenetrability constraint (vanishing when any xj = x`)
trivially due to antisymmetry. Then by the mapping theo-
rem ΨB of Eq. (5) satisfies the same TDMBSE. The form of
the single particle wavefunctions φn(x, t) will depend on the
choice of potential V (x, t).

The utility of the Fermi-Bose mapping for the present prob-
lem of a TG gas lies in the fact that the density profiles for the
Fermi and Bose problems are identical and are both obtained
as a sum over the modulus squared of the orbitals obtained
from Eq. (7)

ρ(x, t) =

N
∑

n=0

|φn(x, t)|2. (8)

This result follows from the fact thatA2(x1, · · · , xN ) = 1 and
hence |ΨB |2 = |ΨF |2.

C. Initial condition

For times t < 0 the N atoms are confined to a narrow seg-
ment of the ring by a trapping potential VHO(x) which is as-
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sumed harmonic with natural frequency ω over the spatial ex-
tent of the initial trapped gas but drops off to zero beyond the
confines of the trapped gas (to be consistent with the periodic
boundary conditions the potential cannot be harmonic over the
full ring). The basic configuration is shown schematically in
Fig. 1(a). In order to later discuss the time-evolution of the
system, it is convenient to designate the normal modes of an
arbitrary 1D harmonic oscillator by its mean position x̄ and a
parameter w that defines the width x0

√
1 + w2:

un(x− x̄, w)=
Cn

[1 + w2]1/4
e

−(x−x̄)2

2(1+w2)x2
0 Hn

[

x− x̄√
1 + w2 x0

]

,

Cn =
1

√

π1/2x02nn!
, (9)

with Hn the Hermite polynomials and x0 =
√

h̄/mω the
single-particle ground-state width corresponding to the initial
trap potential VHO(x). Then the modes of the initial trap po-
tential are given by un(x− x̄, w = 0), assuming that the trap
is effectively harmonic for all modes n of interest. We choose
our coordinates to have the trap center at x = L ≡ −L. On
unwrapping the ring about x = 0 in Fig. 1(b), the initial
Hermite-Gaussian orbitals φ(x, t < 0) are split into two parts
at the ends of the interval [−L,L], and can be written as

φn(x, t ≤ 0) = (−1)n[u(x+ L, 0) + u(x− L, 0)], (10)

the factor of (−1)n arising from the parity-reversal introduced
by the unwrapping. The N -particle fermionic ground state
Ψ0

F has one particle in each of the N lowest levels [14], and
the ground-state of the TG gas is given simply by Ψ0

B = |Ψ0
F |

[9], so the Fermi and TG gases have the same ground-state
density profile. The width of the density profile of the N -
particle ground state is xN ≈

√
2N x0. We want this initial

state to be well localized on one side of the ring, which re-
quires that L� xN or

N � 1

2

(

L

x0

)2

. (11)

We also define an effective Fermi wavevector kF for the ini-
tial state by examining the highest occupied mode n = N .
For N � 1 the asymptotic form of the Hermite polynomials
yields φN (x, 0) ∝ cos(

√
2Nx) [15], which corresponds to a

highest occupied wavevector

kF =

√
2N

x0
. (12)

If the initial trapped gas is released at t = 0 and left to expand
freely it takes a time

twrap =
L

(h̄kF /m)
=

1

ω
√

2N

(

L

x0

)

, (13)

for the highest excited orbital to start to wrap around the ring
of lengthL. Equation (13) shows the explicit relation between
the Fermi wavevector and the wrap time; the larger the atom
number, and hence the Fermi wavevector, the shorter the wrap
time.

Another time scale of physical significance is the Poncaire
recurrence time tpr = m(2L)2/πh̄ = 4(L/x0)

2/πω, which
is the recurrence time for the density profile and all other phys-
ical quantities of the TG gas [12, 13]. Since we consider the
limit L/x0 � 1 for a gas well localized on one side of the
ring ωtpr � 1, and for this paper we consider times t � tpr

thereby prohibiting any recurrences.
A few conditions need to be satisfied for the TG gas to be

realized on a ring. For the system to be frozen in a single trans-
verse mode we require Nh̄ω � h̄ω0, with ω0 the transverse
oscillation frequency, or

N �
(

x0

`0

)2

, (14)

`0 being the transverse ground-state width. Furthermore, for
the initial gas to be accurately described as an impenetrable
gas of bosons we require kF |a1D | � 1, where a1D is the
effective 1D scattering length [4]. From this condition we find

N � 1

2

(

x0

a1D

)2

' 1

2

(

x0a

l20

)2

. (15)

All three conditions in Eqs. (11), (14) and (15) need to be
satisfied to realize a Tonks-Girardeau gas initially localized
on one side of the ring.

D. Optical-dipole grating

In order to produce interference from the initial trapped gas
we turn off the harmonic trap at t = 0 and apply a temporally
short but intense spatially periodic potential of wavevector k.
This spatially periodic grating may be produced over the spa-
tial extent of the trapped gas, for example, using intersecting
and off-resonant pulsed laser beams to produce an intensity
grating whose wavevector may be tuned by varying the in-
tersection angle, which in turn produces a spatially periodic
optical-dipole potential for the atoms. The applied periodic
potential then produces counter-propagating scattered atomic
waves, or daughter waves, from the initial gas, or mother, with
momenta±h̄k and these recombine on the opposite side of the
ring at a time

tr =
L

(h̄k/m)
=

(

kF

k

)

twrap. (16)

Clearly, if we want the scattered atoms to recombine before
the initial gas wraps around the ring, tr < twrap, we require
k > kF , otherwise interference of the scattered waves will be
obscured by the wrapping.

The action of the optical dipole potential is best incorpo-
rated in our model before unwrapping with L ≡ −L, by writ-
ing the single-particle potential as a sum of the initial har-
monic trap (HO) potential and the optical-dipole potential

V (x, t) = θ(−t)VHO(x) − δ(t)η cos[k(x− L)] e−
(x−L)2

w2 ,
(17)
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where the Heaviside function θ(−t) ensures that the harmonic
trap turns off for t > 0 η is the strength of the applied pe-
riodic potential, and w is the spatial extent of the grating.
In particular, the periodic grating due to the dipole potential
need only extend over the spatial extent of the initial trapped
gas, w > xN , but we do require many periods of the grating
kw � 1. For simplicity in presentation here we set w → ∞.
Furthermore, following Rojo et. al. [13] we have used a delta-
function approximation for the short pulse excitation of the
periodic grating at t = 0. Then by integrating Eq. (7) for each
orbital over the delta-kick, just after the pulse at t = 0+ each
Hermite-Gaussian mode is changed to

φn(x, 0+) = eiη cos[k(x−L)]φn(x, 0)

=

∞
∑

m=−∞

imJm(η)eimk(x−L)φn(x, 0), (18)

where Jm are Bessel functions [15]. The subsequent quantum
dynamics of the system is then traced by propagating each
orbital φn(x, 0+) using Eq. (7).

For the present discussion we assume the limit |η| < 1, in
which case

φn(x, 0+) ≈
[

1 +
iη

2

(

eik(x−L) + e−ik(x−L)
)

]

φn(x, 0),

(19)
and the optical-dipole grating predominantly produces two
scattered waves with wavevectors ±k in addition to the initial
parent Hermite-Gaussian mode φn(x, 0). In particular, here
we chose a value η = 1/2 in which case 10% of the mother
wave gets transferred into each daughter, and less than 1%
is deflected into diffraction orders with |m| ≥ 2. Note also
that the daughter waves are simply reduced amplitude copies
of the initial mode traveling to the left and right. We wish
to examine the presence or absence of interference between
the daughter waves at the opposite side of the ring at time
t = tr and how this depends on the wavevector k of the ap-
plied optical-dipole grating.

III. INTERFERENCE ON A RING

A. Numerical simulations

To set the stage for the analytic results below, Fig. 2 shows
illustrative examples of interference on a ring for N = 10
atoms under various conditions. To produce numerical re-
sults we solve the Schrödinger equation (7) for each orbital
with the initial condition (18) using the split-step Fast-Fourier
transform method [16], and calculate the density using Eq.
8 for the density. Figure 2 shows the scaled density pro-
files x0 · ρB(x/x0, ωt) for η = 0.5, L/x0 = 30 and (a)
the initial condition t = 0, (b) x0k = 0, ωt = 6.7, and (c)
x0k = 20, ωt = ωtr = 1.5. Note that the initial density
profile in Fig. 2(a) appears split due to the choice of origin
in Fig. (1). In Fig. 2(b) we have allowed the initial trapped
gas to expand freely (k = 0 is equivalent to no grating at
all) and the density is plotted at a time equal to the wrap time
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FIG. 2: Scaled density profiles x0 · ρB(x/x0, ωt) for N = 10, η =
0.5, L/x0 = 30 and (a) the initial condition t = 0, (b) x0k =
0, ωt = ωtwrap = 6.7, and (c) x0k = 20, ωt = ωtr = 1.5, the
inset shows details of the fringes.

ωtwrap = 6.7. Here we see that while there is some degree
of interference the visibility is not very large, and we show in
the next subsection that these fringes tend to vanish for large
numbers of atoms. In contrast, mean-field theory, in which
the matter waves are described by a single orbital obeying a
nonlinear Schrödinger equation, results in a visibility close to
unity. (We discussed the failure of mean-field theory for TG
gases elsewhere in our previous paper [17]). By comparison
Fig. 2(c) for x0k = 20, ωt = ωtr = 1.5 shows very clean
interference fringes in the density with wavevector kint = 2k
between the scattered waves upon recombination at t = tr
with almost unity visibility. As we show below, these fringes
do not vanish in the limit of large N as long as k > kF is
maintained.

These numerical simulations highlight our main findings:
First, for k/kF � 1 at best low visibility interference fringes
are seen, and this clearly results from the fact that the initial
trapped gas has now wrapped around the ring at t = tr >
twrap. Second, for k/kF � 1 large visibility interference
fringes between the recombined scattered waves can be ob-
served. Rojo et. al. [13] obtained the same criterion for the
appearance of Talbot oscillations in a 1D TG gas on a ring of
size L. In their case the initial state of the gas is homogeneous
on the ring with no external trap, for which kF = πN/L, and
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the Talbot oscillations in the density due to the applied grating
are undamped only for k/kF � 1.

B. Analytic results

In this section we develop an analytic approach to describe
the interference fringes for the TG gas on a ring. Immediately
after the periodic potential is applied and the harmonic trap
turned off, the single particle modes (19) for the atoms in the
unwrapped configuration assume the form

φn(x, 0+) ≈ (−1)n

[(

1 +
iη

2
eik(x+L)

)

un(x+ L, 0)

+

(

1 +
iη

2
e−ik(x−L)

)

un(x− L, 0)

]

. (20)

For each n this initial condition is the same as a superposition
of waves centered at x = ±L on the infinite line x ∈ [−∞,∞]
since the initial gas is well localized on one side of the ring.
The evolution of each orbital φn(x, t) may therefore be ap-
proximated as free propagation on the infinite line for times
t < min(2tr, 2twrap). For example, for the case of no applied
optical dipole potential η = 0, at t = twrap the tails of the two
expanding packets start to overlap at x = 0 corresponding to
wrapping of the mother packet, whereas at t = 2twrap the tails
of the expanding packets start to circle back to x = L ≡ −L.
Therefore, for t ≥ 2twrap the solution has spread over the full
ring, and approximation of the evolution of the orbitals as free
expansion on the infinite line is no longer valid.

Here we use the approximation of free expansion of the
orbitals to investigate the interference fringes at t = tr and
t = twrap. Then the total particle density anywhere along the
ring for t > 0 retains the simple structure shown in Eq. (8)
i.e. it is simply the sum of the densities due to each occupied
mode. Each initial wavefunction φn(x, 0+) in Eq. (20) may
be separately evolved for t > 0 using the retarded free-particle
Green’s function to obtain

φn(x, t) =
1√

2πiωt

∫ ∞

−∞

dx′ φn(x′, 0+)e−
(x−x

′)2

2iωt . (21)

Due to the symmetric form of the initial wavepacket the cen-
ters of the daughter packets arrive at x = 0 simultaneously at
a time tr given by Eq. (16). The time-evolved functions can
be written in terms of the functions un(x − x̄, w) defined in
Eq. (9). At t = tr the daughter components are centered at
x = 0 and their width increased to x0

√

1 + ω2t2r, thus their
moduli are identical and given by un(x, ωtr) but their phases
are different due to opposite velocities and the fact that the
time-evolved modes acquire a spatial phase variation as they
expand. The mother packet has the same increase in width
but is still centered at x = ±L and hence its two ends have
moduli given by un(x±L, ωtr) and their phases, being space-
dependent, are different as well.

On using the time-evolved wavefunctions φn(x, tr) in Eq.
(8) we obtain an analytic expression for the density of atoms
in the neighborhood of x = 0 which comprises three distinct

contributions

ρ(x, tr) = ρm(x, tr) + ρd(x, tr) + ρmd(x, tr). (22)

The first term is due to the freely expanding mother packet
overlapping with itself

ρm(x, tr) =

N−1
∑

n=0

[

u2
n(x+L, ωtr) + u2

n(x−L, ωtr)

+2un(x+L, ωtr)un(x−L, ωtr) cos(2Qx)] . (23)

with a mode-independent sinusoidal modulation of period
π/Q(tr) = πx2

0(1+ω2t2r)/Lωtr which arises form the spa-
tial phase variation developed by the expanding mode func-
tions. This would be the sole contribution if η = 0 i.e. in
the absence of any daughter packets. Figure 3 shows that the
visibility of the fringes arising from the mother packet wrap-
ping around the ring diminishes with increasing number of
particles. The reason for this is apparent from the above ex-
pression for ρm, namely, while the first two terms representing
the background being the modulus squared of the orbitals are
positive definite for all values of n, for a given n the sign of
the product of Hermite-Gaussians un(x+L, ωtr)un(x−L, ωtr)
in the cross term responsible for the interference fringes can
have either sign. Thus, upon summing over n the value of
the cross term is in general degraded by cancellations with re-
spect to the background terms in Eq. (23). For larger number
of particles N the Hermite polynomials become more oscilla-
tory spatially [15] and we expect the cancellations to become
more complete, while the background increases like N , hence
the fringe contract due to wrapping of the mother packet de-
creases withN . This physical picture of the degradation of the
density interference fringes due to destructive interference of
orbitals is in agreement with our previous discussion of the
failure of mean-field theory for a TG gas [17], that is, the
quantum dynamics of a TG gas cannot be correctly captured
by a single orbital, though Kolomeisky et. al. [14] have shown
that mean-field theory can yield the ground state density pro-
file.

The second term arises from the complete overlap of the
daughter packets at the recombination time tr

ρd(x, tr) =
η2

2
[1 + cos(2kx)]

N−1
∑

n=0

u2
n(x, ωtr). (24)

In the case when k � kF this term dominates in the vicinity
of x = 0 at tr and produces fringes of essentially unit visibil-
ity, and the amplitude of the modulation would increase with
particle number. This explains the strong fringes seen in Fig.
2 (c) discussed in the previous section. The form of the in-
terference pattern (24) is identical to that obtained by Moore
and Meystre [1] for a Fermi gas exposed to a Bragg grating,
and verifies within the context of an exactly soluble model
that both the TG and Fermi gases can exhibit high visibility
interference fringes.

For k comparable or smaller than kf the clean fringes are
lost. This is mainly due to the background introduced by the
mother packet overlapping with itself. There is also a more
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FIG. 3: Scaled density profiles at twrap for η = 0 using the analytic
expression in Eq. (23). It shows that for a larger particle number
N there is lower visibility of the fringes due to the overlap of the
expanding mother packet with itself .

complicated modulation due to the overlap of the daughter
packets with the mother packet given by

ρmd(x, tr) = −2η cos(kx)

N−1
∑

n=0

un(x, ωtr)

× [un(x−L, ωtr) sin(φ+Qx) + un(x+L, ωtr) sin(φ−Qx)] .(25)

The sinusoidal modulation here has twice the period as that of
ρm and in addition there is a time-dependent phase φ(tr) =
Lk/2(1+ω2t2r). For our choice of the point of detection, di-
ametrically opposite the center of the initial packet, the rela-
tive importance of this contribution diminishes with increas-
ing particle number. This is because in the neighborhood of
x = 0, un(x)un(x ± L) < u2

n(x) and this difference is en-
hanced as more modes are included in the sum. Thus for
a large number of particles the density distribution around
x = 0 at time tr can be well described by the full visibilty
modulation arising from the interference of the daughters su-
perimposed on the background density due to each end of the
expanding initial packet.

C. Experimental feasibility

Although it is not yet possible to realize a TG gas on a ring
it is of interest to examine some parameters to assess the pos-
sibility of experimental realization. Let us first consider the
conditions required to achieve the impenetrable TG regime.
Among the two constraints on the number of particles in Eq.
(14) and (15), the second one is more limiting since a pos-
itive 1D scattering length requires `0 > a [4]. For sodium
atoms with scattering length a=2.75 nm this limits the num-
ber of particles to N � 10−8 × (ν2

0/ν) where ω0 = 2πν0.
A choice of ν ∼ 1 Hz for a weak longitudinal confinement

would mean that for N=100 atoms we would still need in ex-
cess of 105 Hz transverse confinement frequency, which is
about two orders of magnitude above the limits of current ex-
perimental trap frequencies. We also note that for the atoms
in the daughter packets to remain impenetrable the transverse
potential should also be tight enough to satisfy k|a1D| � 1
which is relevant for momentum kicks k > kF needed to ob-
serve clean fringes.

For ν ∼ 1 Hz the oscillator length is x0 ∼ 10−5 m and
hence kF ∼

√
N × 105 m−1. The wavevectors correspond-

ing to the yellow sodium lines are about k ∼ 107 m−1, thus
the maximum boosts we can realistically consider are about
k/kF ∼ 100/

√
N . The values of k we used for our plots

satisfy this condition. Corresponding to this oscillator length
the condition for a well localized initial packet stated in Eq.
(11) will require a ring size of 2L ∼ 1 mm, an experimentally
realistic size for atom interferometers.

At the same time, while the TG limit is very interesting
it is not a requirement for observation of interference fringes
in the ring configuration: Even if the atoms are penetrable,
interference of the scattered waves is expected anyway. If we
have a dilute gas of fermions instead of bosons we need only
satisfy constraint Eq. (14) for 1D behavior which requires the
much weaker constraint N � ν⊥/ν. Even with currently
achievable trap conditions it should be possible to realize up
to N ∼ 1000 fermionic atoms in the ring configuration and
produce interference fringes. Actual observation of the fringes
however might be difficult due to the low atom number.

IV. SUMMARY AND CONCLUSIONS

In conclusion, we have shown that a Tonks-Girardeau gas
on a ring can show large visibility interference fringes. This
demonstrates in the framework of the exactly soluble many-
body TG gas problem that one does not need a BEC or a
source possessing high-order coherence to get interference
fringes in principle. Physically, the reason interference fringes
can appear even for an incoherent atom source is that the op-
tical dipole grating imprints a different spatially dependent
phase on each of the diffracted fragments and the interfer-
ence fringe seen from subsequent recombination of those frag-
ments reflects the effect of the imprinted phase rather than
the intrinsic coherence of the initial or mother packet. Fur-
thermore, if the ring is rotating, the interference fringes due
to interference of the daughter waves will shift due to the
Sagnac effect: This is easily deduced by realizing that the
usual Sagnac effect will apply to each individual orbital in-
dependent of orbital number. This implies in turn that rotation
sensors, in principle, also do not require a coherent source of
atoms.

In addition to the large visibility fringes that result from in-
terference of daughter waves that survive in the limit of large
N , fringes can also appear due to the wrapping of the mother
wave around the ring. However, the visibility of the fringes
due to wrapping was shown to decrease with increasing par-
ticle number, thereby vanishing in the thermodynamic limit.
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