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ABSTRA CT

In recert years, studies of di usion in random media have beenextendedto include the e ects of
media in which the defects uctuate randomly in time. Typically, the di usiv e motion of particles
in a static medium persistswhen the medium is allowed to uctuate, with the di usivit y (di usion
constart) D depending on the character of the uctuations. In the presen work, we study random
walks on lattices in which the bonds connecting vertices open and closerandomly in time, and the
walker is not allowed to crossa closedbond. Variations of the model studied here have beenused
to model the di usion of CO through myoglobin, the transport of ions in polymer solutions, and
conduction in hydrogenated amorphous silicon. The major objective in analyzing these systems
isto nd e cient methods for computing the di usivit y. In this dissertation, we focus mainly on
methods of computing the di usivit y in our model. In addition, we study the critical behavior of
the model and presernt a demonstration, valid for a restricted range of model parameters, that the
distribution of the displacemen corvergesin time to a Gaussianwith width D.

To compute the di usivit y, we usea numerical renormalization group (RG) method, power
seriesexpansionsin model parameters,and Monte Carlo simulations. We choosea model with two
parameters characterizing the bond uctuations| the time scaleof uctuations and the mean
open-bond density p. We calculate a seriesexpansion of the di usivit y to about 10th order in
the parameter = exp( 1= ) on the hypercubic lattice Z9 for d = 1;2;3, aswell ason the Bethe
lattice. We compute the samepower seriesexpansionto 3rd orderin for arbitrary d. We compute
estimatesof the di usivit y on the Bethe lattice usingthe RG methods and showv by comparisonto
Monte Carlo data that the RG provides excelleri quartitativ e predictions of D when is not too
large.



CHAPTER 1

In tro duction

The fundamenal importance of the idea of di usion is well known, asit appearsin nearly every
eld of scienceand engineering. In the past seweral yearsworkers have attempted to extend older
work to di usion in a broad range of disorderedmedia. Until recerily, thesestudies of transport in
disorderedmediaincluded the assumptionthat the disorder is static during the time of obsenation.
The rst sud studies gave rise in the early 1960'sto percolation theory (3; 8) which is mainly
concernedwith the connectivity properties of sitesin the medium and neglectsthe motion of the
diusing particles. After about 1970, studies of random walks on (static) percolation processes
beganto appear (4; 12; 16; 17; 27; 28; 29). In the 1980'sand cortinuing to the presen, models of
transport in uctuating random media have becomecommonin the physics, chemistry, and biology
literatures (2; 6; 5; 10; 12; 13; 18; 19; 20; 21, 22; 23).

Our model is derived from the ordinary random walk, with dynamic disorder intro duced
in a simple and natural way. We begin by recalling the simple random walk. For simplicity, we
restrict our attention for the momert to the hypercubic lattices Z9. The lattice consistsof vertices
connectedby bonds. Each bond connectstwo vertices, while ead vertex is connectedto 2d bonds.
(The number z = 2d is called the coordination number.) The walker begins at the vertex at
the origin and takes a step acrossone of the 2d adjacert bonds, chosenwith equal probability,
occupying the vertex at the other end. This processis repeated, with the walker hopping to a new
vertex at the end of ead unit time interval. At the end of n time intervals, the walker occupiesa
random vertex S, 2 Z9. It is well known that the motion in an ordinary random walk is di usiv e,
that is hS2i=n = 1, where angle brackets denote an averageover all possiblepaths. Now we add
uctuations to the model, allowing ead bond to uctuate in time betweentwo states; open and
closed. If the walker attempts to crossa bond in the open state, it is successful. But if the
bond is closed, the attempt fails and the walker remains on the same vertex for that time step.
Two parameters characterize the bond uctuations, the bond correlation time and the mean
bond density p. There are no spatial correlations in the states of the bonds, but ead bond state
uctuates on the time scale . At any time a fraction p of the bonds are in the open state. We
call this model the uctuating bond random walk (FBRW). As in the caseof the ordinary random
walk, we study the distribution of the displacemen S,,. But the distribution now dependson the
parametersp and . If the bond correlation time < 1 , the walker may nd abond closedat one
time, but open at a later time, sothat its motion is not bounded. Our Monte Carlo evidence,and
that preserted in other work (19), suggeststhat if < 1 , the motion is asymptotically di usiv e,
which meansthat the mean square displacemer is proportional to time; that is, limhS2i=n! D
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Figure 1.1. Mean squaredisplacemern on the Bethe lattice (z=3) asa function of time. The Bethe
lattice is described in section 2.7 on page 31. Note the corvergenceto diusiv e motion. The
di usivit y is equal to the slope of the curve at long times. Both plots are drawn from the same
Monte Carlo data, but the scalein the upper plot showns the non-di usiv e regime more clearly.
The qualitativ e shape of the curve, i.e. the slope decreasingto a constart value, is the samein
d-dimensional lattices and for most parameter values.

asn ! 1, wherethe angle brackets here and in the remainder of this dissertation denote an
averageover all possiblepaths and bond histories. The di usion coecient D = D(p; ) is called
the di usivit y. The corvergenceto di usiv e behavior is showvn in Fig. 1.1.

In the presert work, we addresstwo questions; Firstly, assumingthe motion is di usiv e,
how can one obtain numerical estimates of D? Secondly can one make the stronger statemert
that the asymptotic probability distribution is normal? We will seethat the answer to the rst
question is \y es" and will presert two analytical approadiesto computing D: a seriesexpansion
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and a renormalization group (RG) procedure. In answer to the secondquestion, we show that,
for small enough, the asymptotic probability distribution is indeed normal, although numerical
evidencesuggeststhat the distribution is in fact normal for all nite . The numerical estimates of
D are obtained via seriesexpansions,and a related renormalization group procedure. For seweral
lattices, we compute power seriesexpansionsin - = exp( 1= ) about = 0, andin p about p= 0.
Note that if = O (that is, = 0), the bond uctuations are in nitely rapid. If = 1 (that is

= 1), the bond states are static. The expansionsin are computed to third order for walks on
Z9 for arbitrary d and to about tenth order for d = 1;2; 3 and the Bethe lattice. The expansionsin
p arevalid for all , and the expansionsin are valid for all p. Next, we present an RG procedure
that is basedon estimatesof D obtained from the expansionin . The results of the RG calculations
are best when is small, but generally improve upon the expansion. While numerical evidence
indicates that the probability distribution is asymptotically normal for < 1, we present a proof
valid for pand such that 8(2%) max(p;1 p) < p. This restriction is related to a lower bound on
the radius of corvergenceof an expansionof D, and can be improved systematically by computing
terms in the expansionin D.

We now describe how the presert work ts in the context of the existing literature on
transport in disorderedmedia. We mention somephysical systemsand the modelsusedto describe
them. Then, we focus on models most similar to the uctuating bond random walk and compare
their behavior.

The theory of percolation grew out of attempts to explain uid ow and charge transport
in disorderedmedia (3; 8). When the bond disorderis static ( = 1 ), the uctuating bond random
walk becomesa random walk on a bond percolation process. We make use of the large body of
work on this subject. In particular, in section 2.6 we discussthe critical behavior obsened when

I 1 andp! pc.

Models sudh asthe FBRW are relevant becausein many di usiv e systems,motions of the
badground, as well as of the diusing particle, must be included in a useful description. One
exampleis di usion of ions of salts dissolved in polar polymers (6; 21), whereit is believed that
local motions of the polymer are necessaryfor long range ion transport. Another exampleis the
di usion of ligands (e.g. O, or CO>) from a solute, through myoglobin, to an active site in the heme
pocket (for a review see(15)). In this casethere is evidencethat a path doesnot exist through the
myoglobin at any momert in time, making uctuations of the molecule necessaryfor transport (1;
24). It may be necessaryto modify the simplest modelsin order to describe somesystems. This
wasfound to bethe caseby Lust and Kakalios (LK) (20) when studying the conduction of electrons
in Ims of silicon doped with hydrogen. The dynamic nature of the medium arisesfrom motion of
hydrogen atoms, which they model with a bond percolation processin which the bondsare allowed
to uctuate (These models are sometimescalled dynamic bond percolation.) However, the exper-
imentally obsened conduction is not reproduced if one assumesthat all bonds uctuate with the
samerate. It is believed that the hydrogen occupieswells with exponertially distributed energies.
LK reported that computer simulations of their model reproduced experimental conduction traces
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only whenthey allowed the bondsto uctuate with waiting times calculated from a distribution of
well depths obtained from other experiments on Si:H.

We discussthe details of only a few modelsthat are closelyrelated to the uctuating bond
random walk. (There are many models of transport in dynamically disordered media that we do
not discusshere,including somewith site disorder, rather than bond disorder, modelswith ballistic
motion and random scattering certers, and models with cortinuous random media.) Harrison and
Zwanzig (13) applied an e ective medium approximation (EMA) to a cortinuous-time version of
the FBRW (the HZ model). In both HZ and the FBRW, the bonds uctuate betweentwo states,
open and closed, with rates p= and (1 p)=. In the HZ model, the attempted hops occur
after exponertially distributed waiting times with mean waiting time 1. We describe briey the
treatment given in HZ. One of seweral approadiesto the e ective medium approximation begins
with two processeswith diering random media. In the rst processthe independert transition
rates are replacedby an e ective medium with a spatially uniform transition rate that changesin
time. In the secondprocess,eat bond has the e ective medium transition rate except for one
bond, which is allowed to uctuate asin the original model. The e ectiv e transition rate is chosen
sothat the probability distribution of the walker's position is the samein the two processesin HZ
this condition is actually applied in Laplacetransform spaceto nd an e ectiv e transition rate ~(z),
where z is the Laplace transform variable conjugate to the time t. The stationary transition rate
~(0) is then the estimate of the di usivit y fort = 1 . The main result of HZ isthat ~(z) = (z+ 1),
where (z) is the transition rate for the EMA on the static lattice. Thus the di usivit y is given by
~0) = (). The EMA for the static lattice hasbeentreated extensively, for instance by Odagaki
and Lax (22). Their solution correctly describes some qualitative behaviors. A critical point is
predicted (in (22) and (13), pc = 1=d), but asin mean eld theories, the critical exponerts are
usually incorrect. The walker moves with a time-dependert di usivit y that beginsat the value
p and decreasedo an asymptotic value, which is 0 if p < p.. We seethat the e ective medium
approximation for the uctuating lattice takesas an estimate of D the time-dependent di usivit y
computed in the EMA on the static lattice at time

Levermore, Nadler, and Stein (19) (LNS), made numerical estimatesof the di usivit y in the
one dimensional FBRW using renormalization group (RG) techniques. They comparethe results
with the EMA for the HZ model (equation 1.4) and Monte Carlo estimates for seweral values of
p and in the regime in which the two models are nearly identical. They found that in one
dimension the RG method gives estimates that are signi cantly better than those given by the
EMA. In chapter 4 we give the details of improvemeris on their RG method. While the RG was
successfulin one dimension, its useis limited in higher dimensions. The main problem, as we will
see,isthat when islarge, it fails to capture the behavior for p > pc, a regimewhich is inaccessible
in onedimension. Still, the RG is successfullyapplied in higher dimensions,particularly when is
not too large, or whenp < pe.

The expansionsdeweloped in chapter 3 give numerical predictions that are much more
accuratethan the EMA for parametersaway from the critical point (p; ) = (pc;1 ). Howewer, the
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EMA doeshave someadvantages: It has a simple form in one dimension that correctly describes
the behavior whenp = Oor p= 1aswellasat = O; It correctly yieldsD / 1= for large ; It
predicts a critical point in the parameterpwhen = 1 . Howewer, asnoted below, the expansionof
the EMA for large doesnot have the correct p dependenceand in onedimensionthe RG method,
which usesthe correct expansionas a starting point, gives more accurate numerical predictions for
the di usivit y.

Druger, Nitzan, and Ratner (6; 5; 21), and Granek and Nitzan (10) have studied random
walks in dynamic random ervironments that generally di er from the FBRW in that the states of
all bonds are updated simultaneously at regular or random intervals. Druger, Nitzan, and Ratner
(DRN) (6; 5; 21), give particular attention to a simple model. In the DRN model, the walker steps
at unit time intervals and the bondsare updated at time intervals of length  (the renewal period),
which is an integral number of unit time intervals. During ead renewal period, the bond states
remain static. At the end of eat renewal period, the state of eat bond is chosento be open with
probability p and closedwith probability 1 p. The fact that the states of the bonds during one
renewal period are independert from the states during another renewal period makes analysis of
the DRN easierthan that of the FBRW. Nitzan and Ratner (21) give a review discussingthe HZ,
the DRN, and other models.

Now we comparethe modelsdiscussedabove. Monte Carlo evidenceshows that ead of the
HZ, the FBRW, and the DRN modelshave e ectiv e di usivities. A de nition of e ectiv e di usivit y
suitable for all of thesemodelsis D = limhSZi=nasn! 1 . The HZ and FBRW models appear
to satisfy the stronger condition that dhS2i=dn tends to a constart, asillustrated in Fig. 2.1 on
page 18. (The derivative is periodic with period for the DRN model.) One might expect that
the HZ model and the FBRW vyield the samee ectiv e di usivit y aslong as is much larger than
the (mean) step time so that many steps are attempted before a cluster of mutually connected
open bonds changes. We performed Monte Carlo simulations on both modelsthat show that this is
indeedthe case.But as approadiesthe mean step time, the di usivities in the two modelsdi er
(Fig. 1.2). (The Monte Carlo technique is discussedin chapter 2.)

For both the DRN and the EMA of theZHZ model the frequency dependert di usivit y

1 .
D(!)= !irg 12 et 'HS2i(t) dt (1.1)
1 0o+ 0
obeysthe simple relation _
D(;)=Do ! <+ ; (1.2)
where Do(! ) is the frequencydependert di usivit y in the limit ! 1 (13;21). This agreeswith

the discussionof the HZ model above, but the exact solution of HZ does not obey this relation.
Although we have not computed the equivalent of (1.1) for the FBRW, the similarity of the HZ
model and the FBRW (speci cally correlations over long times) leadsus to expect that (1.2) does
not hold for the FBRW. In the DRN model, the di usivit y satis es

D= hS_2| (1.3)
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where the mean squaredisplacemert is computed over the rst renewal period. Becausethe bonds
are static during a renewal period, the numerator in (1.3) is the mean squaredisplacemen on the
static lattice after atime . This simple behavior can be understood by noticing that, for the DRN
model, during ead renewal period we have a walk on a static lattice with the nal distribution from
the previous period taken as the initial distribution. Notice the similarity betweenthe di usivit y
given by (1.3) and the diusivit y in the EMA of the HZ model above. Both take a di usivit y
computed after atime on the static lattice asan estimate. (The estimate is exact for the DRN.)
Considerthe casethat p < p. and is large, sothat the numerator in (1.3) dependsonly weakly
on and is approximately hS? i. In LNS, the expressionfor the di usivit y given by the EMA in
HZ was calculated explicitly in one dimension, with the result

q
DEM =1+2 (1 p)? 1+2 (@1 p2° pR2 p: (1.4)

To lowest order in 1= and to order p? in p, this formula becomes

2
DEM g+ 3% L (1.5)
As we merntioned before, the FBRW and the HZ model behave the samein this limit (that is

for large ), but (1.5) doesnot give the correct p dependenceasit doesnot agreewith our exact
expansiongivenin (3.12) on page43. We alsoaskif substituting the exact expressionfor hS? i with

p< pcand =1 into (1.3) givesthe correct result for the FBRW. In section 3.2 we give the exact
expressionfor hS? i in one dimension and show that it doesnot agreewith the exact expression
for D in the limit of small p. Finally, we examine (1.3) on the Bethe lattice near the critical point,

with p < pe. An exact calculation shovs that hS? i / In(p. p) for = 1 . Howewer, in section
2.6, we will seethat the true behavior in this caseobeysD (p. p) °= , which disagreeswith

(1.3).

Druger, Nitzan, and Ratner (6) have shown that the DRN is di usiv e. Calculations for
the FBRW, sud asthe proof of di usivit y, are more di cult than they are for the DRN because
all bonds are updated simultaneously for the DRN. Still, we are able to derive an expansion for
the e ective di usivit y D about the rapid bond- uctuation limit, which is shovn to corverge for
small enough. (There is no reasonto suspect that it fails to convergefor any < 1. For instance,
Monte Carlo evidenceshows that the only qualitative changein behavior occursat = 1.) The
proof that the asymptotic distribution is normal is basedon the expansionand is valid for small
enough.

The remainder of this dissertation is organizedas follows. In Chapter 2, we describe the
model, and discussits generalbehavior. In Chapter 3, we presen expansionsof D about the limit
of rapid uctuations, as well as expansionsabout the low bond-density limit. In Chapter 4, we
describe the RG procedureand presert the results. In Chapter 5, we give a proof, valid for small

, that the asymptotic distribution of the walker's position is normal.
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Figure 1.2: Diusivit y D in one dimensionfor p = 0:5. Plusesare MC simulations of the FBRW,
diamonds are MC simulations of the exact HZ model, and squaresare the e ective medium ap-
proximation from (1.4). The Monte Carlo estimatesshow that the di usivit y in the FBRW model
approadesthat in the HZ modelas becomedarge, while the relative error in the e ective medium

estimate grows.
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CHAPTER 2

The Fluctuating Bond Random Walk

In this chapter we give a description of the uctuating bond random walk (FBRW) and some of
its properties. We begin by de ning the model. Next, we discussits general behavior including
information obtained from Monte Carlo simulations and scalingtheory. We predict scalingbehavior
ondi erent time scalessupported by Monte Carlo evidence. Finally, we discussthe implementation
of the model on the Bethe lattice. The structure of the Bethe lattice requiresthat we de ne the
distance function sothat the statistical properties of the walk are similar to those on the Euclidean
lattices.

2.1 Denition of the Mo del

Before explaining the behavior of the FBRW, we presert a more detailed description. Except
where noted, we make no assumptionson the structure of the lattice. The lattice is a collection
sites together with bonds connecting pairs of sites (In the language of graph theory, these are
vertices and edges.) We provide the lattice with an origin and a metric so that we can measure
distance from the origin. There is a state assaiated with ead bond which can take two values:
open or closed. The walker beginsat time n = 0 at the origin and attempts to make stepsin
random directions, independert of the states of the bonds, at times n = 1;2;3;:::. If the bond
attempted at time n is open, then the walker crosseshat bond and occupiesthe site at the other
end. If the attempted bond is closed,then the walker waits at the samesite and makesan attempt
in a random direction at time n + 1. Thus, the walker may attempt the samebond seweral times,
nding it at times open and at other times closed. We denote the displacement from the origin
after n time stepsby S,; for walks on Z9 we have S, 2 Z9. The de nition of S, on the Bethe
lattice is discussedin section 2.7. We denote the mean squaredisplacemen after n time stepsby
hS2i.

We now describe the bond uctuations in greater detail. Each bond uctuates indepen-
dently betweentwo states. There are no spatial correlations amongthe bonds, and the states of the
bonds are independert of the state of the walker. The bond uctuations are characterized by two
parameters,the meanbond density p and the relaxation time . We denote by pi(;?) the probability
that a bond is in the state j at time n + ng given that it wasin the state i at time ng. We de ne
the bond state transition matrix asin reference(19)

! I
(n) (n)

p) ol q+p" p p"
pe = Poo Por , @2.1)

Pio P11 qg qg" p+q”
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whereq=1 pand = exp( 1=). Initially, all bonds are in the stationary state, that is, eah
is open with probability p. Notice that a power seriesexpansionof in about = 0 doesnot
exist. It follows that a function of , such asthe di usivit y, cannot be expandedin both and
at = = 0. Wewill seebelow that the parameter is a natural choice for the expansionof the
di usivit y. The parametersp and both take valueson [0; 1].

2.2 Monte Carlo Simulations

The main lessonto be learned from our Monte Carlo simulations is that the FBRW is di usiv e
at long times. To obtain an estimate of D for a particular pair of parameters (p; ), we used
the following procedure. We performed 10° | 1P trials of a walk of 10° | 10’ time steps. We
estimated hS2i by computing S? for ead trial and averaging over the trials. We then plotted the
averagev.s. n, and t a line to the portion of the resulting curve at long times. We found that
slope decays roughly exponertially (at the longesttimes) to a constart, with a time constart that
divergesas(p; )! (pc;1l). When the parameter valuesare closeenoughto this critical point, the
walk will not have corverged within the number of time stepssimulated. For the casethat s
greater than the maximum value of n in the simulation, we usedthe following method to determine
if the walk has cornverged. We have exact expressiondor the asymptotic mean squaredisplacemet
on the static lattice for 1-d and the Bethe lattice when p < p.. It seemsreasonablethat the walk
will corverge more quickly when < 1than when = 1. Indeedthe curvesshowed this behavior.
Becausewe know the asymptotic value of hSZi in the static caseexactly, we can measurethe time
constart of the decay to hS2i in this case. We then discard curvesin which the maximum time is
lessthan three times the time constart from the static case. For p > p. on the Bethe lattice, we
have to usea cruder method, such as tting a line to the end of the data and measuringthe deca
constart from the deca to this line.

2.3 Diusiv e Behavior of the Mo del

In this section,we are concernedwith the qualitativ e behavior of the di usivit y (di usion coe cien t)
asa function of the parameters and p. We usetwo approximates to the di usivit y for nite time
n, the averageapproximate

DA(p; ) = %I‘Sﬁi; n=1,2:::; (2.2)

and the incremertal approximate
Dh(p; )=mS2i hS2 4i; n=1;2:::; (2.3)

where we set D§(p; ) = 0. The reasonfor the namesof these approximates becomesmore clear

when we note that
_ IS IS

. (2.4)

A . — 1)@ | .
Dy (p; )—ﬁ Di (p; )
i=1
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Figure 2.1: Mean squaredisplacemen hS?i v.s. time n. The incremertal approximate D/ (p; ) at
the indicated point is given by the slope of the line marked , which is tangen to the curve. The
averageapproximate DA (p; ) is given by the slope of the line marked , which passeshrough the
origin. Note hS?i is linear for large times and the two approximates approac the samelimit for
large times. D! (p; ) is a better approximation than DA (p; ). This is a section of Monte Carlo
data in which the linear behavior persistedfor 10° time steps.

and that

Du(p; ) =nDA(p; ) (0 1DR 1(p; ): (2.5)
We de ne the di usivit y by

D(p; )= lim Dy(p: ): (2.6)

As mentioned above, we assumethat the limit exists for all p and . It is easyto show that the
existenceof the limit in in (2.6) implies that the averageapproximate de ned in (2.2) approades
the samelimit asn! 1 . The converseis not true. For instance, for the dynamic bond percolation
model, the limit of the averageapproximate exists but not the limit of the incremertal approximate
(5).

We now discussthe qualitativ e behavior of the mean squaredisplacemen and the approx-
imates to the di usivit y, aswell astrivial behavior that occurs for certain parameter values. The
statemerts that follow hold for the FBRW on Z9 and the Bethe lattice (if we usethe metric on
the Bethe lattice described in section 2.7). The bonds all begin in the stationary state, which
meansthat they are open with probability p. Thus, on the rst step, the walker is successfulwith
probability p, regardlessof the value of . SohS?i = D{(p; ) = Di(p; ) = p. On the second
step, there is a chancethat the walker will attempt to crossthe samebond that it attempted on
the rst step. Soif > 0, correlations erter into hS3i and therefore into the approximates to
the di usivit y. Monte Carlo simulations and exact calculations for n = 10 show that, becauseof
correlations, D4 (p; ) and D) (p; ) decreasemonotonically in n. Howewer, the rate of decrease
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Figure 2.2: Diusivit y D on the Bethe lattice with z = 3. Curvesare for dierent valuesof :
(@) 10 4; (b) 0:57; (c) 0:83; (d) 0:97; (e) 0:994; (f) 1:0. Notice the critical point (p; ) = (1=2;1).
Curvesac are obtained from expansions,and d{f are obtained from Monte Carlo simulations.

slows and the two approximates approad the samelimit. This situation is depicted in Fig. 2.1. It
is evidert from the gure and equation (2.3) that D/ (p; ) is roughly the derivative of the mean
squaredisplacemen for large n.

Now we examinethe behavior of the di usivit y at long times, which is illustrated in Fig. 2.2.
For certain values of the parameters, the behavior of the model is trivial. When p = 0, all bonds
are closedall of the time, soD(0; ) = 0. When p = 1, we have an ordinary random walk and
D(@; )= 1. When = 0, the state of a bond at any particular time is independen of its state
at other times. At ead step, the walker proceedswith probability p. On average, this amounts
to waiting a fraction 1 p of the time; we have an ordinary random walk with time rescaledby
a factor of p. SoD(p;0) = p. When p increases,more bonds open and the di usivit y increases.
It is not so obvious that the di usivit y should increasewith decreasing . One can think of the
walker as being trapped on clusters of open bonds, with the lifetime of the traps decreasingas
bonds uctuate more rapidly.

As ! 1 (that is ! 1) the behavior of the model approatesthat of a random walk
on a static lattice. We discussthe walk on the static lattice in more detail in the next section.
When s large the critical density for percolation on the static lattice becomesimportant. We
nd that, for p< p,, D/ 1= to leadingorder as increases(Fig. 3.3). For p> p., D approadies
a non-zeroconstart as increases.If we x p = p; and approadc the critical point by increasing

, We expect the di usivit y to decay more slowly than it doesfor p < p.. Monte Carlo simulations
on the Bethe lattice show that this is the case,with D decging as , with 0:66. Because
critical exponerts on the Bethe lattice are typically ratios of small integers, it seemslikely that
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Figure 2.3: Diusivit y at p = p. for various on the Bethe lattice for z = 3. The slope of a line
t to the points is approximately 0:66. Eadch point is computed from Monte Carlo simulations
of 1 trials of walks of 10° steps. For larger valuesof a systematic error occurs becauseof the
increasingtime of relaxation to di usiv e motion. The error in the points for the largest valuesof
showvn hereis largely statistical.

= 2=3. This deca is shown in Fig. 2.3. Before discussingthe critical behavior of the walk in
more detail, we must review someof the elemerts of percolation theory.

2.4 Percolation Theory

On the longesttime scales,the pattern of open bondsin the FBRW is completely changed many
times. Howewer, if 1, then the walker takesmany stepson an essetially static lattice. In order
to understand how the properties of the static disordered lattice appear in the FBRW, we must
understand some of the basic facts of percolation theory. In this section, we discussbriey bond
percolation on Z9, presening those features that bear on the FBRW. A more detailed treatment
of the material in this section can be found in references(11) and (25).

In percolation theory, ead bond on the lattice is open with probability p and closedwith
probability 1 p. One then studiesthe connectivity properties of siteson the lattice; for instance,
one can ask for the probability that two particular sites are connectedby a path of open bonds.
The basic fact of percolation theory is that the system exhibits only two phasesseparatedby a
single critical point p = pc. In the super-critical phase(p > p¢), there is a cluster containing an
in nite  number of sites that are connectedby unbroken paths of open bonds. In the sub-critical
phase,no sud in nite cluster exists.

Before explaining the phasesin more detail, we de ne the percolation processmore care-
fully. We call the elemerts of Z9 sites. The setof bondsis the setof all (unordered) pairs hx; yi with
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x;y 2 Z9sudh that (x;y) = 1, where is the Euclidean distance. Typically, asin this dissertation,
the phrase\b ond percolation on Z% ", meanspercolation on this structure of sitesand bonds. In a
realization of the percolation process,ead bond is chosenindependertly to bein one of two states.
Each bond is open with probability p and is closedwith probability 1 p. One can also study site
percolation, in which the bondsplay no role, but the sitesare takento be randomly open or closed.

The main object of study in percolation is the open cluster (often called simply a \cluster").
The open cluster can be de ned in terms of open paths. An open path is a (possibly in nite)
sequenceof adjacert open edgesfthw; xi; hx; yi;hy;zi;:::g, together with the sites fw;x;y;z;:::g.
The open cluster at the site x, denoted by C(x), is the set of all sites and edgesin every open
path cortaining x. If X is in no open path, then we let C(x) = fxg. We denote the number of
sitesin C(x) by jC(x)j. BecauseZ9 and the probability distribution are translationally invariant,
statemerts about the cluster at an arbitrary site x are equivalert to statemerts about the cluster at
the origin C(0), which we denoteby C. In this section, we usethe notation P (A) for the probability
that the event A occursin the percolation process. We usethe notation hXi for the expectation
(average) of the random variable X in the percolation process.

Percolation theory consistsof the study of statistics of clusters. As mentioned above, the
most important fact is that there exists a single critical point p. = pc(d) that separatestwo phases
in which clusters di er qualitatively. When p > p¢, P(jCj = 1) > 0, that is, the origin is in an
in nite cluster with strictly positive probability. When p < p¢, P(JCj = 1) = 0. Application
of a standard theorem from probability theory (the Kolmogorov zero-onelaw) givesimmediately
that an in nite cluster exists with probability 1 when p > p.. Furthermore, it can be shown that
the in nite cluster is uniqgue. When p = pc it is believed that no in nite cluster exists, although
this has beenproven only for d = 2. In the remainder of this section, we shall assumed < 6, the
upper critical dimension. The distribution of cluster sizesdi ers betweenthe super- and sub-critical
phases.lIt is believed that asymptotically

P(jCj<s<1) e ' forp< pg 2.7)

P(Cj<s<1) e "™ forp>pg (2.8)

for someconstarts 1 and . Next, we describe results of scaling theory. Most of the conjectures
of scalingtheory are not proven, but they are widely believed and well supported, for instance, by
Monte Carlo simulations.

Scaling theory provides a phenomenologicalexplanation for cluster structure when p is
near pc. If p changesby a small amourt, one expectsthat the connectivity properties of bondson
a relatively small sub-lattice will change proportionately. But, if p is near p. and the sub-lattice is
large, changing p by a small amount, and hencethe state of just afewbonds, may a ect connectivity
over large distances. This behavior is seenempirically and is quanti ed in scalingtheory. The main
idea in scaling theory is that there is a length scale,the correlation length (p), below which the
percolation processdoesnot di er qualitativ ely from the processat p = p.. The correlation length
divergesas p approadiesp.. Furthermore, the correlation length is the only macroscopic(that is,
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larger than the lattice spacing) length scale. On scalesmuch larger than , the processappears
homogeneouswith a granularity of order . On scalessmaller than , structures have no typical
size,rather blobs and holesoccur on all length scalesJeadingto a (statistical) fractal structure. For
instance, considerdrawing a box of linear dimensionL in a large cluster. If L < , then the mass
of the cluster in the box is proportional to LP, with D < d. But if L > , the massis proportional
to L9, Because,for L > , the cluster is homogeneousput regionsof linear size have mass P,
the massis proportional to P LY.

One assumption of scalingtheory is that all reasonablede nitions of the correlation length
are equivalert. Consider the event that the origin is connectedto a site located n units from the

that the origin and x, are in the sameopen cluster. It is believed that the probability of this evert
decays exponertially when p 8 p.. One can take, for instance,

1= lim %IogP (xn2 C;jCj< 1) (2.9)
In the de nition we have excluded everts for which the origin is in the in nite cluster, otherwise
the correlation would not decey when p > pe.

Near the critical point, many cluster properties vary asjp p¢ to a power. The power
laws that concernus herefollow from two assumptions. The rst assumptionis that the correlation
length obeys

P Ppd asp! pe; (2.10)

for some > 0,wherea b meansloga=logb! 1. The exponert dependson d but not on the
details of the percolation model.! For instance, site percolation on a hexagonallattice and bond
percolation on Z2 have the samevalue for . Equation 2.10is valid for p nearpc. Asjp pcj grows,
corrections to scaling becomeimportant. The secondassumption, which concernsthe form of the
distribution of cluster massesjs

P(GCi=s) s fl(p Pps ] (2.11)

where ; > 0, and the relation \ meansthat the ratio of the left hand side to the right hand
sideapproachieslasp! pcands! 1 . The function f (z) behavesroughly like an exponertial. It
approadesa constart at z = 0 and decays faster than any power of z whenz is large. Equation 2.11
is an exampleof a scalingansatz. Assumptions similar to (2.11) are made repeatedly in percolation
theory, aswell asin the study of other critical phenomena.A common feature is the presenceof a
cross-wer phenomenon. In this case,P (JCj = n) decas roughly algebraically when the massn is
smallerthan jp  p¢j*™ , but decays exponertially for much larger n.

These two assumptions provide a unied basis for understanding the scaling laws that
we state below. Furthermore, one can usethe scaling ansatz to calculate the asymptotics of the

YIn the literature, this exponert is usually usually denoted by
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momerts of the cluster size distribution and to relate the resulting critical exponerts to three

fundamertal exponerts. Below, we will give an example of such a calculation. But here, we only

state someof the results. The percolation probability (p) = P(jCj = 1) is the probability that

the origin is in the in nite cluster. For p< pe, (p) = 0. As p increasesfrom p. to 1, (p) increases
from O to 1. It is believed that (p) vanishesat p; accordingto

(P (P p) asp#pc (2.12)

for some > 0. As mertioned above, it is likely that (pc) = O [asrequired by (2.12).] Howewer,
onestill nds referencedo the cluster at p = pc, the \incipient in nite cluster". To understand the
incipient in nite cluster, onecande ne a new processby consideringa box of linear sizeL certered
on the origin of a percolation processat p = p. . One deletesall con gurations that contain no
path joining the origin to the surfaceof the box and considersthe processin the limit L ! 1 . The
resulting processhas an in nite cluster with probability one. This in nite cluster is believed to
have the sameproperties that the non-critical in nite cluster in the original processhas on length
scalessmaller than . Kesten (16) has proved somestatemerts shawing that the distribution of a
walk on this object is not Gaussian.

The average cluster sizeis de ned by (p) = HCj;jCj < 1i , where the averageis taken
over all bond con gurations. We exclude con gurations with an in nite cluster from the average
in order that (p) remain nite whenp > pc. Although there is noin nite clusterat p= pe, (p)
divergesat this point becausethe cluster size distribution decays slovly. The averagecluster size
divergesat p = p. accordingto

(P P Ppd asp! pe (2.13)

for some > 0. Wewill nd scalingtheory usefulin understanding the random walk on the static
lattice.

2.5 Random Walks on the Static Lattice

In this section, we discussrandom walks on the static lattice (i.e. on a percolation process),giving
particular attention to the critical behavior. A review of the subject can be found in reference
(25). We considera random walk on the bond percolation processon Z9. The processis equivalert
to the uctuating bond random walk when the bond uctuation time = 1 . One can imagine
executing a random walk on a realization of the percolation processon an in nite lattice. However
it is usefulto review the processin the context of the FBRW. The walker beginsat the origin and
attempts to step at unit time intervals from the site it occupiesto one of its nearest neighbors
chosenat random. If the bond connecting the occupied site to the chosennearest neighbor has
not beenattempted before, then this bond's state is chosenat random; it is open with probability
p and closedwith probability 1 p. If bond is determined to be closedthen the walker stays at
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Figure 2.4: Mean squaredisplacemen on the static lattice at the percolation threshold p = pc. The
data is from Monte Carlo simulations on the Bethe Lattice with z = 3. Although, it is well known
that noin nite cluster existsat p= p. = 1=2, the gure shows that the mean squaredisplacemei
increaseslogarithmically with time. The averageis over 10° trials. The metric usedis given by
(2.44).

the occupied site. But if the bond is open, the walker crossesit and occupiesthe chosennearest
neighbor. Once the state of a bond has beenchosen,it remainsin that state for all time.

As expected, the critical phenomenonin the percolation processdeterminesdi erent qual-
itativ e regimesfor the random walk. The walk is, in e ect, a walk on the open cluster at the origin.
For p < pc, the cluster at the origin is nite with probability one, and the cluster size distribution
decays rapidly (equation 2.7 ), sothat the meansquaredisplacemen of the walker cannot increase
without bound. For p = pc, there is no in nite cluster at the origin, but almost; the distribution
of nite clusters has an algebraically decaying tail. Furthermore, as discussedabove, there is no
scaleon which a large cluster is homogeneous.As the walker wanders farther from the origin, it
encourters ever larger blobs to get lost on and ewer larger holesto go around. One can think of
the lattice ashaving di erent densitieson di erent length scales,and thus a di usivit y that varies
with the length scale. Thus asymptotically, the mean square displacemern is not proportional to
the time n, but is proportional to n to somepower lessthan 1. Or, in the caseof the Bethe lattice,
hS2i grows logarithmically. A simulation on the Bethe lattice for z = 3 is shown in Fig. 2.4.

When p > p, there are two possibilities for a realization of the walk; the walker begins
either on the in nite cluster or on a nite cluster. The distribution of the largest clusters decays
rapidly sothat realizations of the walk on theseclusters do not contribute to the asymptotic mean
square displacemen. Only the paths on the in nite cluster contribute. When the walker has
traveled a distance much farther than , the innite lattice appears homogeneousso we expect
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normal di usion, but with a reduceddi usivit y. Below, we consideread of these casesand note
the relevant critical exponerts.

When p < p; and the bonds are static ( = 1), the mean squaredisplacemen approades
a limit asthe time n! 1 . The interesting quarntity in this caseis the asymptotic mean square
displacemen. When n = 1 the walker occupiesead site on the cluster at the origin C with equal
probability. Sothe limiting mean squaredisplacemen on C is a kind of mean squareradius

X
R?(C) = ko, (2.14)

x2C 1~
wherekxk is the distance of the site x from the origin. Note that this radius dependson the position
of the cluster relative to the origin. The mean squaredisplacemen is then R?(C) averagedover all
clusters X
s?2i= R?C) = P(C=cR?0); (2.15)

C
where c is a particular realization of the cluster at the origin, and the sum is over all possible
clusters. Equation 2.15 givesthe asymptotic mean square displacemen of the random walk on a
sub-critical percolation process.We write hS? i in a form corveniert for calculations by de ning a
mean squareradius averagedover all clusters of size|Cj = s,

Rz _ feig=sgP(C = OR(Q).

S PGCI=s) (219

sothat (2.15) becomes X
S2i=  R2P(jCj= s): (2.17)
S

Now we assumethat, for the range of s that we are interestedin, RZ obeysa single power law
R2 §?2: (2.18)

In the sumswe consider,sud as (2.17), we will seethat the main cortribution comesfrom large s,
but s smaller than the crosswer mass(p. p)Y™ . Thuss is in the regime wherethe clusters have
a fractal structure. Sowe expect 6 1=d, even if the dominant clusters are roughly spherical.
We nd the critical exponert of hS? i, using the scalingansatz for the cluster mass(2.11).
Furthermore, we expressthe exponert in terms of the other critical exponerts. To do this, we
useR2 in an expressionfor the correlation length that involves (2.11). Thus, we can express asa

function of , , and . Under reasonableassumptionsthe de nition of correlation length (2.9) is
equivalent to p
2 g skxk?P(x2C) (2.19)
" dP(x2C) '

In order to rewrite this equation in terms of cluster mass, we use the indicator function. Letting
I bea particular realization of the percolation process,and letting A be a (measurable) event, we
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de ne 8

<1 if event A occursfor con guration ! ;
() = _ (2.20)
- 0 otherwise:

It is easyto seethat hlai = P(A). Then we have

X
kxk’P(x 2 C) = kxk? Hlyo ci (2.21)
x2 d x2 d +
X
= kxk?Lyoc (2.22)
£ X2 d +
= kx k? (2.23)
x2C
X . P(C=0 P kxk?
=" sP(jCj=s) f°"°“sgp(jcj = X2C IC] (2.24)
X
= sP(jCj= s)R2: (2.25)
S
In a similar manner, we have that
X X
P(x2C)= sP(jCj = s) = hCji : (2.26)
x2 d S
Sowe rewrite (2.19) as =)
2 _ FBSP(JCJ S)RS . (227)

sSP(Cj=s)
Becausewe assumethat R2  s?, both the numerator and the denominator are momerts of
P(jCj = s). We usethe scalingansatz (2.11) to compute the kth momert of P(jCj = s) as

X
s*P(jCj=s)= s flpc ps]
s s z, (2.28)

Ip p———  dzz" i (2)

0

wherez = (pc p)s ifp<pcandz=(p pc)s if p> p.. Here, we assumethat k 1
sothat the sum divergesuntil the rapid deca of f (z) begins. Thus, as p approadesp.; the major
contribution of the sum occursfor large s and we are justi ed in replacingthe sumwith an integral.
Then the critical exponert of the kth momert of P(jCj = s) is( k+ 1+ )= : Now we evaluate
the critical exponert in (2.27). The numerator hask = 2 + 1, while the denominator hask = 1.
So 2 divergeswith the power 2= . Becausewe dened via P pcd , we have that
2 = 2= ,0r = .

The expressionfor hS? i given in (2.17) is the kth momert of P(jCj = s), with k = 2.

Thus, the critical exponert for this momerntis 2 +( 1+ )= . A similar exerciseshaws that
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the critical exponert for the strength of the in nite cluster (2.12) is = ( 1+ )= . So,for
p < pc, We have
i (e p) 7 (2.29)

The asymptotic meansquaredisplacemen hS? i canbe calculated exactly in one dimension
and on the Bethe lattice. In one dimension one has

hs2 i = a pp)z: (2.30)

Straley (29) has calculated that on the Bethe lattice with z = 3

1p
1 2p

hs?i= 3 3p> 4p+ 41 p)?ln

> (2.31)

We performed Monte Carlo simulations that agreewith (2.30) and (2.31).

Now we turn our attention to the walk on the static disorderedlattice whenp p¢. Asin
the sub-critical case,scaling argumerts and numerous Monte Carlo studies provide a rather solid
picture of the phenomenologyas p approadiesp. from above. When p = 1 all bonds are open and
we have an ordinary random walk with D = 1. When pis only a bit lessthan 1, there are only a few
holesof size , which is rather small. After a few time steps, when the distribution of the position
has spreadover a length scalegreaterthan , we nd that the walk is again di usiv e with a slightly
reduceddi usivit y. In the discussionabove we sav that D = O for p< pc. If we beliewve that there
is only one critical point pc, we expect that D (p) is continuous for p > pc. Furthermore, because
at p= pc there is no in nite cluster and the large clusters have a fractal structure, it seemslikely
that D(p.) = 0. Indeed, simulations shaw that D(p) is cortinuousfor 0 p 1. In particular,
D (p) appearsto obey a power law,

D(P) (P p) asp#pc (2.32)

The critical exponert is sometimescalled a dynamic critical exponert. This is because arises
when a dynamic processis addedto the percolation processand attempts to derive by considering
only percolation have failed. It is widely believedthat is alsothe critical exponert for conductivity
on the percolation process. Finally, we ask for the behavior of the walk at the critical point. At
the critical point p = p¢ it appearsthat the cluster size distribution decas slowly enough that
the expectation of the meansquaredisplacemen S?2 is not bounded. Howewer, the walk exhibits
anomalousdi usion, that is S2 grows ast to a power lessthan one. See,for example, Fig. 2.4.
We relate the behavior in all three regimesvia a scaling assumption. The new scaling
exponerts will be expressedas functions of the static exponerts and the dynamic exponert . We
noted above that, on scalessmallerthan , the percolation processnear p. is indistinguishable from
the processat p.. Only on scalesgreater than can one distinguish, for instance, on which side
of the percolation threshold p lies. Soif the time n is large, but small enoughthat the walker has
not wandered farther than , we should seeanomalousdi usion, as on the critical process. For
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much larger times, we expect to seethe di usiv e behavior if p > p¢, or a bounded mean square
displacemen if p < pc. It is believed that the correlation function P(x 2 C) obeys a scaling
assumption similar to (2.11), with the displacemen of x as the independert variable. Because
time varies as distance to a power, with the power taking di erent valuesin di erent regimes,it is
reasonablethat the mean squaredisplacemen should also satisfy a scaling assumption,

rSait=2  nfri(p  pon*]; (2.33)

where r(z) is a scaling function, and n is the time. In the scaling assumptionsthat we have
encourtered, a crosswer scaleseparatesregionsof algebraic and exponertial deca. The situation
is somewhatdi erent here, in that we require r(z) to behave like a power of z for large z. If z is
large and positive, the walker is di using on the super-critical lattice over distancesgreater than
In this case,hS2i¥™ / (p pc) =2, accordingto (2.32), sowe must haver(z) / (p pe) = 2. Then
hS2it=2  nk* =2, Becausethe walk is di usiv e in this regime, we must have k + x=2 = 1=2,
which gives one equation relating k and x. Similarly, when p < p¢, we must haver(z) / ( z) ¥
for z  1in orderthat hS2i'* beindependert of the time n. Then, in order that the dependence
on p agreeswith the static limit (2.29), we require k=x = =2. Solving the two equationsfor k
and x, we nd that

X= s (2.34)

and

k (2.35)

2 +
At the critical point, we have hS2i™>  nk. The time scaleseparating the two types of motion is
jp  pd X. For times that are long, but shorter than this time scale,anomalousdi usion with
exponert k is obsened. At longer times, the motion either becomesoundedfor p < p¢, or di usiv e
for p> pc.

2.6 Scaling behavior of D in the FBRW

In this section, we look for scaling behavior near the critical point (p; ) = (pc; 1) in the FBRW.
While the material in the precedingsection is well known, this section relates an original cortri-
bution. We have already mertioned that the diusivit y D decgs as 1= when p < pc, while it
approadiesa constart for large  whenp > pc. In Fig. 2.3 on page 20 we sav that, when p = p,
D decays to zero more slowly than it doesbelow the critical bond density. For instance, on the
Bethe lattice at p= p;, we nd D / with 0:66. We make a scaling ansatz that connects
thesethree obsenations.

A scaling ansatz for the FBRW makes senseif we believe the story of critical behavior on
the static lattice given in the previous section. We sawv that D decgs as when p = p.. For
a given value of , the diusiv e behavior is obsened after a nite time, during which the walker
has explored only a nite portion of the lattice. If p pc is small enough, then the walker does
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not reac distanceslarger than the correlation length before uctuations destroy the clusters. It
follows that, if jp  pcj is small enough,the statistics of this walk should be indistinguishable from
a walk with p = p.. Thus, we expect a crossower phenomenon. When jp  pgj is small, there is a
range of  for which D decays as . For larger , D tendsto a constart if p> p; or decas as
1= if p< p.. We make an ansatz similar to (2.11) and (2.33), namely that

D allp pc) I (2.36)

We note that becauseahis ansatzassumeghat is large, we expectthat is is valid for other models,
suc asthe HZ model. Now we determine the asymptotic behavior of g(z). Whenz 1, we must
recover (2.32), D O%p pc) . Thusg(z) z forz 1. In orderto getthe factor ©, we must
have

+ =0 (2.37)

When 2z 1, we must have 1
D =(p po) % (2.38)

where a is someundetermined critical exponert. To satisfy (2.38) we must have g(z) z @ when
z 1land
a= L (2.39)

Taking and to be known and using (2.37) and (2.39), we nd that

a )

a= ——=; (2.40)

and that
= (2.41)
Using the known value on the Bethe lattice = 3, and the value from our Monte Carlo data

0:66 (SeeFig. 2.3 on page20.), we nd that a 1.5, and 2=9. We can test the scaling
assumption by making a log-log plot of a Monte Carlo determination of D as a function of p.
Fig. 2.5 provides a direct determination of a using (2.38) which givesa 1.5 in agreemem with
the value obtained from (2.40). It is important to note that in one case,a was determined from
the dependenceof D on , while in the other case,it was determined from the dependenceof D on
P Pec

There is still the question of relating the exponerts in the ansatz (2.36) to the known
exponerts from scaling laws on the static lattice. We have one unknown parameter, which we can
take for instanceto be a. At presert we have no conjecture relating a to known exponerts. It
would be interesting to study a scaling ansatz for intermediate times on the FBRW similar to that
given in (2.33). This may also provide an equation expressinga as a function of other exponerts.
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Figure 2.5: Diusivit y D determined from Monte Carlo simulations on the Bethe lattice near the
critical point. For all points = 10’. The data supports the conjectureD / (p. p)2. The slope
of the bestlinear t givesa= 1.5 0:03. The error assumesonly statistical error. In fact, there
may be other small errors preser. Points towards the right of the plot contain increasing errors
from correctionsto scaling becausep; p is too large. Points toward the left may begin to leave
the scaling regime becausez in g(z) in (2.36) becomestoo small. Eadh point is computed from
walks of 10° stepsand 10° trials. More points to the left cannot be included without longer Monte
Carlo runs becausethe walks fail to convergeto di usiv e motion.
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Figure 2.6: Bethe lattice with z= 3. The rst 4 generationsof sites are shown.

2.7 Random Walks on the Bethe Lattice

We now addressthe choice of metric for the random walk on the Bethe lattice. For the simple
random walk on Euclidean lattices in d dimensions,we have iS2,,i  hS2i = 1 for all n, while the
rst momert vanishesbecauseof the symmetry of the walk. We want to nd a distance function
on the Bethe lattice with this simple property. First, we remind the reader of the structure of the
Bethe lattice. To construct the lattice, we begin with a site at the origin and then make a bond
from the origin to ead of z new sites. The origin is called generation 0, while the z new sites are
called generation 1. Then, for ead site x in generation 1, we create z 1 sites and join ead of
thesenew sitesto x with a bond. All of thesez(z 1) new sitesform generation2. Then we repeat
this processinde nitely . A picture of the rst four generationsof a Bethe lattice with z = 3 is
shown in Fig. 2.6.

One may choosethe di erence in generationnumber asthe distance function on the Bethe
lattice. Howewer in this case,not only doesthe rst momert not vanish, but it is only asymptotically
linear in time. In particular, it canbe shown that, if i is the generation, then for the simple random
walk

P+ 0% 2 (2.42)

where P;(0) is the probability to be at the origin at the j step. Often the squareroot of the
di erence betweengenerationsis taken as distance on the Bethe lattice, in which case,the second
momert of the distance behaves asymptotically as it doeson Z9. But our expansionsand RG
methods are computed using only a few stepsnear the origin, in which casethe anomaly in (2.42)
is important. Thus, we choosea distance function that producesdi usiv e behavior in the simple
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random walk at every time step. That is, we want to nd a distance function d; suc that

d?Pn (i) = n; (2.43)
i=1
where Py (i) is the probability to be on the ith generation at time n. The function that satis es
this equation for all n for the simple random walk is
Geiv2 L (2.44)
A |

which for large j becomes
z z 1

d? iZ 5 2 G 22 : (2.45)
In the next chapter, we will take z = 3 and use the distance function (2.44) to compute the
coe cien ts in the expansionof D. (The results of doing this calculation with a computer are
shown in Table 3.1 on page 40.) The Monte-Carlo data for the FBRW are also computed using
(2.44), and we nd that the asymptotic mean square displacemen is linear in time. Using the
more complicated distance function addslittle complexity when computing coe cien ts by machine,
and the Monte-Carlo calculations are far more e cien t on the Bethe lattice than they are in two
and three Euclidean dimensions. Also, as noted above, we have the advantage of estimating the

equilibration time on the static lattice , numerically on the Bethe lattice.
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CHAPTER 3

Expansions in Mo del Parameters

In this chapter, we presen expansionsof the diusivit y D(p; ) for the uctuating bond random
walk. We assumethat an expansionof the form

R
D(p; )= fi(p '; (3.1)
i=0
exists and seekto compute the coe cien ts fi(p). We nd that the coe cien ts f;(p) are polynomials
in p with rational coe cien ts. We rst give the details of obtaining the rst few coe cien ts f(p)
for arbitrary d. We also tabulate about ten of the exact expansion coe cien ts obtained from a
computer program for manipulating polynomials written speci cally for this task (Tables1{4). We
then make a simple conjecture about the form of the terms in the expansionin  basedon the rst
sewral fi(p). Using this conjecture, we compute the rst few terms in an expansionabout p = 0.

3.1 Expansion of D(p; ) About =0

In this section we calculate the diusivit y D(p; ) = limyy D) (p; ) to third orderin  for for
walks on Z9 with d arbitrary . We usethe de nition of D), (p; ) given by (2.5) on page18. We shall
seethat the expansionin to n!" order can be calculated by consideringall paths of n or fewer
steps. The n'-order expansionpredicts the di usivit y accurately to the extert that the walk has
corvergedto asymptotic behavior at time n. Thusthe expansionis better not only for smaller , but

alsofor larger valuesof jp p¢j. To derive the expansion,we study the incremertal approximations
to the di usivit y D),(p; ), givenin (2.3). For the case = 0, which is not essetially dierent from
the simple random walk, it is easyto shaw that D/ (0;p) = p for all n. For > 0, the calculations
below suggestthat for all n greater than m, the coe cien ts of all powersof of order lessthan or
equalto m in D} (p; ) are independert of n, and that thesecoe cien ts are polynomials in p with

a nite number of non-vanishing terms (when m is nite). This is demonstrated below to third

order for arbitrary dimension, and by manipulating polynomials on a computer?, to approximately
10" order on seweral lattices. In this chapter we assumethat D/ (p; ) corverges. Notice that

D! (p; ) is an approximation to the slope of the mean square displacemen (Fig. 2.1). Because
the secondderivative of the mean square displacemen appearsto be always negative, D/ (p; )

1Becausethese computations involve manipulating large numbers of polynomials with 10° or more terms,
general purpose symbolic languagesare not appropriate tools, as they are ine cien t and lack ne grained
memory managemei. We wrote simple C++ libraries with a naive implementation. One might improve
the calculations by using optimized libraries for manipulating polynomials symbolically.
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always overestimatesthe true value of D. The approximation D/ (p; ) consistsof the terms in the
expansionto order n, plus somehigher order terms. In fact D} (p; ) is a slightly better estimate
of D, when comparedwith MC, than is the n"-order expansion.

We expressthe di usivit y in a form corveniert for deriving the expansionsin  and p. We
begin by writing an expressionfor the probability that the walker executesa particular sequence
of steps, given that it beginsat the origin. The formulation presened hereis for walks on Z9. We
intro duce paths and the probability measureon the set of paths. A path is a sequenceof steps
(including both successfuland failed attempts) beginning at the origin. Let P,, be the set of all
paths of n steps. For 2 P,, wewrite = ( 1;:::; n); where ; 2 fr ;I ;R ;L : =1:::dg
arethe steps.r and| represen failed stepsalong the positive and negative ™ coordinate axis,
respectively. R and L represen successfulstepsalong the positive and negative ™ coordinate
axis, respectively. A successfulstep is one that traversesan open bond, and a failed step is one
that attempts to crossa bond, but nds the bond closedand so leavesthe position of the walker
unchanged. We denote the set of successfulstepsand the set of failed stepsby, respectively, Sg =

fR ;L : =1l:::dgand S = fr ;1 : = 1::.dg. The setof all possiblestepsis S = Ss[ .
The expression = ,wWhere 2 Ppand 2Py, means = ( 1;:::; n; 1;::0; m). Similarly,
we write  s1S,::: for the concatenation of a path and single steps. We de ne the displacemeit
vector S( ) = (S1;:::;Sq), where S is equal to the number of elemeris of equalto R minus

the number equalto L . Thus, S( ) is the displacemen of the end vertex of from the origin.
We denote by b( ;i) the bond attempted at time i, that is, by the step ;. We de ne the
interval betweenthe time i and the earlier time whenthe bond b( ;i) wasmostrecenly attempted

by

(i) =i j if b(;i)=10b;j) forsome j<i;
and b :i)6 b :k) foral ki j<k<i:

Note that if ( ;i) is not de ned then the bond b( ;i) is attempted for the rst time at time i.
Becausethe bond uctuations and the direction of the attempted step are independent, the single
step transition probability can be written asthe product of the probability that the attempt is in
a particular direction and the probability that the attempted bond is in the state corresponding to
i. The probability that the ith step ; occurs, conditioned on the previous stepscan be written

1

(ijl;:::;i1=2—d (+ (1)
where 8
<p if ;2Ss

(i)=

- q otherwise;
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8pt if i2S and | {2 S;

% pt if {2Ss and | {2 S;

qt if {2Ssand | {2 Ss; (3.2)
§ gt if 2% and § {2 S

"0 if ( ;i) isunde ned;

andt = ( ;i). Note that there arevaluesofi; 1 i n for which ( ;i) is unde ned. These
correspond to stepsthat are attempting a bond for the rst time. In this case,we let the bond
probabilities assumetheir stationary values. We then de ne a probability measure [which agrees
with the bond state transition matrix (2.1) on page 16] on the set of paths via

Y1 .
()= 55 (D+ (i) (3:3)
i=1
The ith factor in the product in (3.3) is the ith single step transition probability; that is, the
probability that the ith step takesthe value ;.

We are usually concernedwith the nal stepin a path, sowhen writing , we will often
suppressthe secondargumert, with the understanding that its value is equal to the number of
stepsin . Likewise,if 2 Py, then wewrite ( ) for ( n).

We note somesymmetries, which we will refer to when performing the calculations below.
The following applies in all dimensions, but we suppressindices denoting coordinate axes. We
de ne three operations, | ;R;H, from P, onto P,. We denotethe spatial inverseof by | , that
is, in 1 all of the L's and R's are interchanged and all of the r's and I's are interchanged. We
denote a partial spatial inversionof by H . In H , only the successfulsteps are inverted, that
is, the L's and R's are interchanged, but the r's and I's remain unchanged. We denote a reversal
of by R ,in which the order of the stepsis reversed,that is, R = ( n; n 1;:::; 1). Applying
any of these operations twice, we seethat

12=H%2=R2%2=|:
The following symmetries are obvious,
S()=S(R )= S(I )= SMH ): (3.4)
The symmetries of the probability are
()= ()= (RH ): (3.5)

Note that applying RH is equivalert to reversingtime. The nal equality may belessthan obvious,
but it can be proved by writing the single-steptransition probabilities explicitly.
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In order to compute hS?%i,, hS?i, 1, we begin by writing explicitly the mean square
displacemen for arbitrary dimensionat time n,

hs2i, = ()S()?
2P n
xd X
=2 ( n)S( n)?
=1 ;fplgi;rlig
X xn 0
=2 (Ri)S()+e 2+ (r)S()?
2P, 1i=1
X (3.6)
=2 ( Ri) S()?+2S()+1 + (ri)S()?
2P, 1i=1
X x X
= ()S()?+2 (R)2Si()+1
2P, 1 i=1 2P, 1

xd X
= hS%i, 1+ 2 (R)2Si()+1 :
i=1 2P, 1

In the secondline, we wrote the nal step of the walk explicitly and usedthe symmetry of
the walk under excdhangeof L and R. In the secondto the last line we usedthe identity

(R () =2 ()

We simplify (3.6) by noting that p=(2d) is the probability that the n!" stepis R; if we place
no conditions on the previous steps. We seethis as well by using the symmetry property (3.5) to

write X X L
( Ry)= (Li )= p:
2d
2Pn 1 2Pn 1

Then we have

xd@ X

hS?%i, hS%i, 1= p+ 4 ( R)Si():
i=1 2P, 1

Using (3.3), we beginto write the nal single-steptransition probability explicitly,

2Xd X
2, hS%i, 1= p+ J ()p+ (Ri)Si()
i=1 2Pn 1
RV (3.7)
=Pty () ( RDSI():
i=1 2P, 1

The sum involving the factor of p vanished due to symmetry [see(3.4)]. In (3.7) we
have separatedthe di erence in successie valuesof hS?i into a part independert of and a part
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dependert on . We now separatethe rst-order term in . Let uscall the sumin the nal line S,
and write out the factor for one more step explicitly,

1Xd X X

S=d2

() (9+ (3 (sR)S(9):

izl 2P, ; s2S
Let uslook for the term of order 1in . In general,for any [see(3.2)], ( ) isof order 1 or greater
in , or elsevanishes. (The casein which ( ) vanishesmay be thought of as\order innit y".)
So ( s) ( sRj) must be order 2 or greater. Therefore, any order-1 terms must come from terms
with the factor ( s) ( sRj). If ( sR;)is O( 1), then the sequencesR; must attempt the same
bond twice. For if sR; wereto attempt two di erent bonds, then the step R; would be returning to
a bond after more than onetime unit and ( sSR;) would be of order 2 or greater. So cortributing
terms must have s 2 fri;L;g. Howewer, for s = rj, S( s) = S( ), sothe sum over vanishesbhy
symmetry [see(3.4)]. This leavesonly s = L; for which we have (L;) = pand ( LiRj) = q .
Using Si( Li) = Si( ) 1, wewrite just the terms contributing to rst orderin

1@ X X
v (Jdpg Si() 1=

i=1 2Pp 2 2Pn 2

1
()pg = gPd

(o )

Writing this together with the remaining terms in S, we have

. . 1
I’62|n hSZIn 1=pP apq

1 xd X X
T () (s) (sR)SI( s)
i=1 2P, 2 s2S
1 xd X X
- () (s) ( sR)Si( 9):

i=1 2Pn 2 s2SnfriiLig

In the last line, ead explicit factor of must be O( 2). In the previous line, ead explicit
factor of must be O( 1). Therefore, we have determined the changein the mean squaredisplace-
mernt through order 1in . Note that we assumethat the motion is di usiv e and that the expansion
exists. We have not demonstrated here that the residual terms are summableasn! 1 . Howewer,
as noted above, Monte-Carlo evidencestrongly suggeststhat the motion is, in fact, asymptotically
di usiv e.

This procedurecan be corntinued to compute higher ordersin . At ead stage,onecollects
factors that depend only on some xed number of nal stepsin the walk and then integrates over
previous steps. Let us compute the coe cient of 2. We write the single-steptransition probability
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for ,, 2 explicitly,

. . 1
I'Sz|n h SZIn 1= P apq
1 xd@ X X

+
2d3
i=1 2P, 3 s0s2S2

1 X X X X

+
2d3
i=1 2P, 3 s®S s2Snfri;Lig

() Y+ () (s%) (s5R)SI( s%)

() 9+ () (s ( sBR)SI( s%):

All terms with factorsof ( s9 will beat leastO( 2), soweignorethem at this step. The integrands
that we needto considerare

s5252: (89 (%) (sBR)Si( s%) (3.8)
%2 S;s2 Snfri;Lig ;. (s (s) ( sBR)Si( s%) : (3.9)

The lowest-order terms in (3.8) must have s%R; attempt a single bond 3 times. The possible
paths are, RiL;R;j; ririR;i; LiriR;j; and IliL;R; . As in the the calculation of lower orders, we
must have S;(s%) 6 0in order to have a non-vanishing cortribution. The two paths satisfying this
condition are LirjR; and I;LiR;. For LiriR; the factorsin (3.8) are (Li) = p, ( Liri) = q,

( LiriRj) = p ,and Si(Lirj) = 1. Summing over i, the cortribution is 5%>qp® 2. For liLiR;,
the factorsare, (Ii)=4q, ( liLi)= p, ( liLiR)) = g, and Si(liL;) = 1. Summing over i,
the cortribution is 53 ?p 2.

The lowest order terms in  (3.9) must have s&R; attempt two bonds, b; and b, in the
sequenceb byb;. We also must ched that paths following this sequencedo not conict with the
restriction on s and s®givenin (3.9). Contributing paths that remain on a single axis are of the
form L;l;R;, which, when summedover i, contribute %‘rqu 2. There are also paths of the form
LisRi, wheres 2 frj;ljg for all j 6 i. Summing the contribution from these paths over i and |
gives %qu 2. We now have courted all of the terms through secondorder in

We rewrite (3.7) again, but show the secondorder terms explicitly,

1
d2

op 2

. . 1 1 d
hs2i, hS%i, 1=p 4Pa 2—d2p2q+

1 xd X
o () (Y (s%) (sBR)Si( s%)
i=1 2P, 3 s%2S2
1 XX % (%) (sSR)S( s
2—dgi=1 2Pn 3 s%s2T3;1 () () L8 (SBRISESS) (3.10)
1 xd@ X
o () (Y (9) ( sBR)SI( s%)
i=l 2P, 3 s%2T3.2
1 xd X X
+ oo () (89 (9 ( sSR)SI( sY);

i=1 2P, 3 SOSZT3;3
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Figure 3.1: Expansionof D in for arbitrary dimension,taking = 0:7 ( 3). There are sewral

curvesfor valuesof p from 0:1 to 0:99.

where,

Ts1 =S%nfRiLi;riri;Liri;liLig;
T32=S fli;Rig;

n 0
T3 = s%:s%2 S?% exceptomit Lisfor s2 frj;ljg 6 i; and omit s%;;s%i;Ll;

The sumsin (3.10) that are not evaluated explicitly consist of terms that are of order 3
in . The next term in the expansionis computed easily in the sameway, although we omit the
details here. We have nally (for n > 3)

1 1 d 1
2; 2: — 2 2
%, 1%n 1=p Spa Sopfa+ —pd?

(3.11)
(d

1)2 d 1 d 1+1
3)p$+ - g+ L DT Lsg 34 o 4.

d 2d3

As stated above, the RHS of (3.11) is independert of n for n > 3.

The dependenceon dimension of the approximation for D (p; ) given by (3.11) is shawn in
Fig. 3.1 for 3. The dependenceis strongest away from the trivial value of p= 1, and D(p; )
becomesmore trivial with increasingdimension. Of course,the behavior will vary more strongly if
more terms are presert, and is near 1. In particular, pc is a decreasingfunction of d.

We also have computed the coe cien ts on a computer to tenth order in one dimension, to
eighth order in two dimensions,to sewenth order in three dimensions,and to ninth order on the
Bethe lattice with coordination number 3. Tables1{4 shaw thesecoe cien ts asfunctions of p. We
also have producedtables of coe cien ts asfunctions of both p and g that are organizedin the same
way asthosein the manual calculation preseried above. The latter tables are useful, for instance,
for cheding the manual calculations, but we do not presert thesetables here.



Order in

0

Order in p
1 2 3 4 5 6 7 8 9 10
1
_2 2
3 3
_2 2
9 9
_2 2 _4 4
27 27 27 27
2 16 16 14 _4
81 81 81 81 27
_2 34 4 20 112 52
243 243 27 81 243 243
_2 106 146 58 406 538 76
729 729 729 729 729 729 243
2 178 94 326 394 310 2900 1052
2187 2187 2187 2187 729 243 2187 2187
2 574 284 34 484 8344 17732 15518 556
6561 6561 2187 243 561 6561 6561 6561 729
2 970 658 2302 958 18130 69916 111820 84136 24388
10683 10683 190683 190683 19683 10683 19683 19683 19683 19683

Table 3.1: Coe cien ts in expansionof D about = O for the Bethe lattice
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Order in p
1 2 3 4 5 6 7 8 9 10 11

Order in
0 1
1 1 1
1 1
1 1
3 0o 0o £ 1
1 1 1 1
4 O 7 3 % &
1 1 5 3
5 0O 0 7 3 ¥ 3
1 1 3 7 3
6 0O -+ 7 5 0 % 1
1 1 3 9 21 9
7 0 0 5 3 % 3 T 16
8 o -1 3 19 7 11 95 255 95
16 16 32 8 64 64 128 128
9 o o 3 3 5 _1 75 127 _509 175
16 8 32 32 64 32 128 128
10 o 1 1 15 17 273 17 273 495 1837 577
32 8 32 16 128 8 128 64 256 256

Table 3.2: Coe cien ts in expansionof D about = 0 for one dimension



Order in p
1 2 3 4 5 6 7 8 9
Order in
0 1
1 1
1 z 2
1 3 1
2 4 8 8
1 1 1 1
3 5 1 1 B
1 1 31 21
4 s 0 & 1w 5
5 A 1 1 1 35 8L
32 16 128 64 64 128
6 1 7 9 9 467 261 195
64 128 32 64 512 256 512
7 1 15 33 21 1151 2249 489 319
128 128 128 256 1024 1024 256 512
8 1 1 719 257 3939 13201 79937 118327 34325
256 8 256 2048 4096 4096 16384 32768 32768
Table 3.3: Coe cien ts in expansionof D about = 0 for two dimensions
Order in p
1 2 3 4 5 6 7
Order in
0 1
1 1
1 3 3
2 7 1
2 5 18 B
3 4 L 1 7
27 27 54 54
4 _8 a7 107 215 91
81 324 324 648 648
5 16 37 83 235 967 119
243 243 324 486 1944 648
6 32 271 145 2549 1399 9749 115
729 5832 2916 5832 1458 11664 432
7 64 25 1597 5371 23987 36071 17083 14369
2187 4374 17496 17496 17496 17496 11664 34992

Table 3.4: Coe cien ts in expansionof D about = O for three dimensions
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Figure 3.2: Di usivit y D onthe Bethe lattice. Curvesare for di erent valuesof p (all with p < p¢),
which are found by following the curvesto the left border. Solid lines are MC. Dotted lines are the
expansionto rst order in p. Both the expansionand the Monte Carlo give D / 1= for large
But, asp increasesthe expansionpredicts that the asymptotic behavior in  beginstoo early.

3.2 Expansion of D(p; ) About p=0

In this section, we compute one or two terms (depending on d) in expansionsin p about p = O.
These expansionsare obtained by looking at the coe cien ts of p (or p? for d = 1) in seweral of the
terms in an expansionabout = 0. Thesecoe cien ts are the rst terms in a geometric series(see
Tables1{4). We postulate that this pattern cortinues| that is the coe cien ts of p or p?, for those
orders of that do not appear in the tables, are the higher-order terms in this series. We then
sum the in nite seriesto obtain the small-p expansion. The resulting coe cien ts show the correct

behavior at = 0and = 1, and they agreewith the Monte-Carlo results for small p ( Figs. 3.2
and 3.3).
In one dimensionthe small-p result is
?=2 2+ )a )
. 2 - 2 .
D(p: ) PL )+ P g =PL )P
For small p and large (i.e. 1 1) this expressionbecomes
. nl .
D(p; ) (p+3p)—: (3.12)

Figure 3.3 comparesthe expansionin p (through p?), the expansionin  (through ) and the MC
for one dimensionfor p = 0:1 and p = 0:2. Notice that the expansionto tenth order in begins
to fail when = 10. The predictions of the expansionsin becomeconstart for large , which is
consistent with the discussionabove, asthey are actually giving the intermediate behavior, which
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Figure 3.3: Diusivit y D in one dimension. Dotted lines are the MC data. Dashedlines are the
expansionto 10th order in . Solid lines are the expansionto secondorder in p. Notice that
D / 1= for large . Becausethe expansionin p is to secondorder, the agreememn with Monte
Carlo is better than in Fig. 3.2. The expansionin p is good for large . The expansionin begins
to fail when = 10, that is, when © = e 1. For very large the Monte Carlo producesbond
uctuation ewvents only rarely, sothat statistical uctuations are visible.

isindependert of when islarge. The systematicerror in the expansionin p is not clearly visible
on this plot for p= 0:1, but is visible for large for p= 0:2.
On the Euclidean lattice in d dimensions,the terms in the expansionabout = 0 with a
coe cien t containing only one factor of p appear to have the form
d oyt
a P
This can be seenby examining the tables of coe cien ts for one, two, and three dimensions[and by
examining (3.11)]. Summing over n, and adding the term p for n = 0, we seethat on the Euclidean
lattice in d dimensionsthe smallp result is

D(p; ) p 1 m
For small p and large this expressionbecomes
1
D(p; ) dp-:

On the Bethe lattice, with coordination number z = 3, the small-p result is

D(p;) p 1 (3.13)

31 =3
For small p and large this expressionbecomes

D(p; ) %p}: (3.14)
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We comparethe expansionfor small p in one dimension (3.12) with the exact expressionfor hS? i,
which is easily be showvn to be (5)

s2i= P . 3.15

1 (1 p)z ( )

The rst two terms in the expansionof (3.15) are p+ 2p2. Comparing theseterms with (3.12) we
nd that, for small p and large , the relation D = hS? i= (with the averagetakenat = 1)

doesnot hold, asit doesfor the EMA of the HZ model (the cortinuous-time version of our model),
as well as for DRN model. (Seepage 13). Our Monte-Carlo studies also shaw that, for large
D/ 1=, but that the coe cien t is not hS? i.
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CHAPTER 4

The Renormalization Group Technique

In this chapter we presert the renormalization group method that we usedto calculate numerical

approximations Drg to the di usivit y. In the rst section, we describe the technique. In the next

section, we compareDrg to estimatesof the di usivit y obtained via Monte Carlo techniquesD ypc

and draw conclusionsabout the e cacy of the RG methods. Finally, we calculate the dependence
of Drg on for large

41 The RG technique

Applications of renormalization group techniquesin statistical physicsrely on the assumption that
the macroscopicbehavior of a systemis invariant under an appropriate rescalingof spaceand time,
accompaniedby a changein parametersof the system. For a simple random walk, the distribution
of the displacemen is asymptotically Gaussian, and is thus invariant under a rescaling of space
by a factor b and of time by a factor b?. In particular, the di usivit y doesnot change under this
rescaling. Howewver, with our model, a rescaling of time also entails a changein the rate of bond
uctuations, sothat, if we beginwith particular valuesfor pand and rescaletime by somefactor
b> 1 we will seean apparert increasein the rate of bond uctuations, that is ! =h How
doesthe mean bond density changeunder rescaling? We seefrom Fig. 2.2 on page 19, that we can
hold the di usivit y constart by decreasingboth p and by an appropriate amourt. Soin order
to replacethe processby a rescaledprocesswith the samedi usivit y, we needto decreasep. We
know how changesunder rescaling of time, asit is simply related to . Supposewe are able to
make a good estimate of the apparert value of p under a modest rescaling of time and space. We
may think of the processof rescalingthe parametersasa map from the domain of (p; ) onto itself.
We may hope that after a processof repeatedrescaling,the parameterswill ow under the map to
a xed point for which we can approximate the di usivit y. For the map we choosebelow, it turns
out that most initial points ow to a xed point (p ;0), wherep dependson the initial values of
the parameters. We know that D (p;0) = p, sothat p is our estimate of the di usivit V.

Now we give the details of the RG maps. We distinguish quartities on the rescaledlattice
by a prime and refer to the rescaledlattice asthe primed lattice. Let us considerreplacing n time
stepson the original lattice with m time stepson the primed lattice, wherem < n. We are rescaling
time by a factor of n=m. Thus, the physical bond uctuation time changesaccordingto

;or (4.2)

0= n=m: (4.2)



a7

We may use D4 (equation 2.2 on page 17) as an approximation of the di usivit y on ead of two
lattices. We then require that p®be chosensud that

DAM% 9 =D ) (4.3)

where Cis determined by (4.2). We call the RG map determined by (4.2) and (4.3) RGA. In
general, (4.3) is a polynomial equation in p®that must be solved numerically.

We may also chooseD!, (equation 2.3 on page 17) as an approximation to the di usivit y.
Thus, we de ne a map called RGB via (4.2) and

Dm(p% 9 = Di(p; ): (4.4)

Regardlessof whether we chooseD , or D/, asan approximation, the computation of the RG estimate
proceedsas follows. We choosea pair (p; ) for which we wish to compute an approximation of
D(p; ). We then solve (4.1) and (4.3) [or (4.4)] for ©and p®. We take (4.3) and (4.4) to be
polynomial equationsin p® and nd numerically that they ead have only oneroot between0 and
1. Wethen replacep with p®and with ©and iterate the procedure. It turns out that the equation
for p°becomesapproximately p®= p, while °decrease®xponertially in the iteration number (when

6 1). Thus,the pair (p; ) owsto a xed point (p ;0), with the value p dependingon the initial
choiceof pand . BecauseD (p;0) = p, wetake p to bethe estimate Drg. In order to solve for p®
numerically, we must compute DA asa polynomial in p and . (An exampleis given in Appendix
A.) Although this computation is rather expensiw, iterating the mapsis relatively easy

The rst stepin understanding a particular RG map is to characterizethe xed points and

basins of attraction of the ow. In our case,the important aspects of these features are generic
to both RGA and RGB for all valuesof m and n that we studied. A particular example of the
ow for RGA is givenin Fig. 4.1. The ow of , given by (4.2), is independert of p. Considered
as a one-dimensionalmap, = 0 is a stable xed point, = 1 is an unstable xed point, and
all points with 0< < 1 ow to 0. In general,the ow of p dependson . But, because
DA©; )=DL(0; )= 0andDA(1; )= D}(1; )= 1forany ,weseethat p= Oandp= 1 are
xed points for any when the ow of p is consideredto be one-dimensional. Furthermore, by
expandingD# about p= 0 and p = 1, we can shaw that the point p = 1 is unstable for all , while
p = 0 stable for all . Finally, all p are xed points of the map for p when = 0. Putting these
obsenations together, we nd the xed points for the two-dimensionalmap. (p; ) = (0;1) is a
xed point stable in the p direction and unstable in the direction. (p; ) = (1;1) isa xed point
unstable in both the p and directions. The points (p;0) for 0 p 1 are stable xed points.
When is small, we may consideronly the terms proportional to in the equations determining
the ow of p. On the Bethe lattice with z = 3, theseterms are proportional to p> p and thus have
a maximum at p = 1=2. (This can be cheded for n = 1to n = 10 by referring to Appendix A. If
our expansionin is correct, this behavior persistsfor all n.) This maximum is evidernt in Fig. 4.1,
asthe changein p is most rapid for p near 1=2. We nd that the coe cien ts for higher orders of
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Figure 4.1: RG ow on the Bethe Lattice (z = 3, p. = 1=2) for RGAg.10. The ow diminishes both
p and . Each curve beginswith = 0:999and a di erent value of p, and represens a sequenceof
iterations of the RG map that corvergesto a dierent point on the line = 0. For larger initial
valuesof the ow stays closerto the top and left edgesof the plot.

have maxima in p at dierent points. These points tend to move toward pc, but our limited data
do not indicate clearly whether they corvergeto p.. For instance, in one dimension, the maxima
for large powersof are near p= 0:8. In three dimensions,they are near 0:3. Finally, we note the
ow of points with  very closeto 1. If pis not near 1, then p will decreaseto nearly zero before

has changedappreciably. Then, as p approadeszero asymptotically, will evertually leave the
region near 1 and move quickly to zero. This behavior is shavn more clearly in Fig. 4.2. We will
analyzethis asymptotic behavior in more detail in section4.3.

4.2 Results of the RG Technique

In this section we evaluate the utilit y of the RG methods in estimating the di usivit y. We will

make a quartitativ e comparisonof the RG estimatesand Monte Carlo estimatesD yc on the Bethe
lattice belowv. We will refer frequertly to the relative error of D rg with respectto Dyc, by which
we mean (Dre Dmc)=Dmc . (For example, seeFigs. 4.4, 4.5, and 4.6.) But rst we explain the
results in a qualitative way by examining the xed points. We compareour RG to the ow that

would result if we wereto construct our map with perfect estimatesof D. Suc a o w would follow
contours of a plot of the true value of D asa function of pand , which we approximate with Monte
Carlo estimatesin Fig. 4.3. Our previous discussionsuggeststhat the xed points of an RG ow
correspond to parametersfor which the macroscopicview of the model is invariant under a change
of scale. (Seefor instance (9).) For instance, when applying RG methods to the static percolation
problem, onetypically nds a one-dimensionalmap with three xed points; p= 0;1; and p . (See
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Figure 4.2: RG ow on the Bethe Lattice (z = 3) for RGA3.s. The curvesare for initial values of
p= 099and = 10", with n= 1;:::14. When s large, the curvescan be madeto coincideby a
shift along the vertical axis. For small p, they can be madeto coincide by a shift in the horizontal
axis.
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Figure 4.3: Contour plot of Monte Carlo estimates Dyc for the Bethe lattice with z = 3. The
irregularities in the lines are artifacts from discrete sampling of parameter space. The value of D
for a contour is equal to the value of p at which the line crossesthe line = 0. The e ect of the
critical point (p; ) = (1=2;1) is visible. Someof the curvesshown touch the line = 1 at valuesof
p with p> pc. All points on the line = 1 with p < p. are on the contour D = 0.
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(26).) In this case,it is the correlation length that we want to hold invariant under iteration of
the map. At the points p= O0Oandp= 1, is0. The point p is an approximation of the critical
point, for which = 1 . Only at thesethree points is invariant under a change of length scale.
The xed points of the RG for the FBRW occur for parameter valuesfor which the true behavior
of the system s invariant under a rescaling of time and space. At the point (p; ) = (1;1), the
temporal correlation is in nite and the correlation length = 0. (If we include the in nite cluster
in the computation of the correlation length, then is in nite.) At this point both temporal and
spatial correlations are invariant under a change of scale. The point (p; ) = (0; 1) is invariant for
the samereason. When > 0, we expect spatial correlations to persist over short enough time
scales. But for points (p;0) with 0 < p < 1, the uctuations are in nitely rapid so that e ects
of spatial correlations are destroyed on any nite time scale. Thus, these points are invariant in
the actual system as well. Howewver, the maps RGA and RGB are de cient in that there is no
xed point represerning the critical point (pc; 1), exceptin the cased = 1. This feature limits
the utilit y of these maps in the vicinity of the critical point whend 6 1. When d = 1, the xed
points (1; 1) and (p¢; 1) coincide. Furthermore, we will seebelov that RGA for d = 1 also predicts
the asymptotic behavior in  correctly. Thus, the 1{d map capturesthe important features of the
true ow and so producesexcellert numerical predictions. RGA ., doeswell in this caseewven for
relatively small m and n. For instance, it wasthe succesf RGA 1.4 in the work by LNS (19) that
prompted the present study.

This leaves us with the question of how the absenceof a critical point in the RG maps
a ects the predictions of the approximations Drg when d > 1 and on the Bethe Lattice. As we
mentioned before, the approximations DA and D', are quite accurate as long as is not near 1.
Sowe expect the RG mapsto do well in this region. But for near 1, we expect the absenceof a
critical point to be manifest. It turns out that the mapsin higher dimensionsbehave qualitativ ely
asthey do in onedimension. That is,the owas ! 1looksroughly asit shouldin the sub-critical
phase. In particular, we will seebelow that Drg decays algebraically in  to zero for all values
of p. In the actual model, D decgs to a non-zeroconstart for p > p.. Furthermore, we will see
that Drga decas as , Where approaces1 as m and n increase. Thus, unless is very
large, RGA gives a decy that is closeto the true behavior of the model when p < pc, as seen
in Figs. 4.5and 4.6 . This decg, together with an accurate ow away from = 1 resultsin good
numerical predictions Drga When isnear 1 and p < p.. Seenthis way, the point (p; ) = (1;1)
can indeed be viewed as represering the critical point (pc; 1). It is numerically inaccurate, but the
ow away from this point represerts qualitativ ely (and even somewhatnumerically) the ow away
from (pc; 1) in the actual system. BecauseRGB is basedon much more accurate estimates of D
than is RGA, we will nd that RGB doesmuch better when is not closeto 1. However, RGB
for large m and n predicts a decgy in  with an exponert much larger than 1, so it makes poor
predictions when is closeto 1. Theseobsenations are illustrated in Figs. 4.4and 4.5.

Details of the performanceof the various RG methods dependin a complicated way on the
model parametersand m and n and the dimension of the lattice. Now that we have desribed the
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Figure 4.4: Relative error of Drg compared to Dyc for the Bethe lattice. Here,
E = l0g;o(jDre Dwmcj=Dwmc). The curvesare computed for seweral valuesof p, using RGAg.10
and RGBg.10. All mapsdo bestwhen is small, but RGB is much better than RGA here. For the
RGA shown here =, sothat for p well below p; the estimate of D is good even for large values
of . Forp> pc (eg. p = 0:9), the RG maps predict an algebraic decey to zero, while the Monte
Carlo result predicts decay to a constart. Notice the statistical uctuations in D yc, which are of
order 10 5{10 © times the value of Dyc .
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Figure 4.5: Comparison of Monte Carlo estimates Dyc to RG estimates Drg for RGAg.10 and
RGBg:10 on the Bethe lattice, for which p; = 0:5. Squaresare Dyc, plusesare for RGAg:10, and
diamonds are for RGBg:19. For p < pc, the di usivit y Dyc decaysto 0. For p> pe, it tendsto a
constart. The RG estimatesdeceg to 0 both above and below pc. As p increasesthe onset of the
algebraicdeca in the RG estimatesbeginsfor larger values of

broad featuresof the ow, wewill attempt to Il in somedetails. In general,we get the bestresults
from the RG mapswhenm and n in (4.2), (4.3), and (4.4) are as large as possible(with m < n).
Typical valuesare m = 9 and n = 10. The relative error generally decreasedoth with increasing
m and increasingn. Howewer, for RGA, the error changessign as a function of the parameters.
Sothis rule is violated for many valuesof and p. RGB does much better than RGA when is
not too large. When is large enough (much greater than m and n), RGA doesmuch better than
RGB if p< p¢ although RGA fails evertually for large enough . If p> p; and increasespast n,
both RGA and RGB begin to fail, with RGB performing slightly better. Howewer, as p becomes
larger, both mapsfail lessrapidly with increasing . Both RGA and RGB fail to capture even the
qualitativ e behavior for p > p;. and very large. In particular, RGA and RGB both predict that
Drc! 0Oas increaseswhile Dyc and previous studies show that the di usivit y actually decas
to a non-zeroconstart. In general,the relative error of all RG maps increaseswithout bound with
increasing . We seeevidenceof this behavior in the Monte Carlo data (Fig. 4.4) as well as in
the asymptotic analysisdiscussedbelow. (We will alsodiscusssomeexceptional casesin which the
relative error approadies a limit. Also, there is a brief dip in the error for RGA as the sign of
the error changes.) The relative error in RGA decreaseswith increasingp when is not too large.
When is large enough, the error rst decreasesghen beginsto increasewhen p is still lessthan
pc, then beginsto decreaseagain when p > p.. The relative error in RGB decreasesas p moves
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Figure 4.6: Comparison of Monte Carlo estimates Dyc to RG estimates Drg for RGAg.10 and
RGBg;10 on the Bethe lattice, for which p; = 0:5. Squaresare Dyc, plusesare for RGAg:10, and
diamonds are for RGBg:19. For p < pc, all three estimatesshow algebraicdecg; i.e. D / . For
Dwvc, 1. For the RGs, is known exactly. For RGAg.10, 0:9997. For RGBg:10, 10. For
small p, RGAg.10 is closeto Dyc whenthey both beginto deca at nearly the samerate, resulting
in a good numerical estimate for rather large . For p > pc, the RG predictions cortinue to deca/
algebraically, while D yc tendsto a constart.
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away from the critical point in either direction and toward 0 and 1. Except when p is very near
1, RGBy:n has a much lower relative error than RGA ., for  small enough. If m is not much
smaller than n, then this regime includesvaluesof / n.

We needto ask whether the RG maps give estimatesthat improve on the approximations
DA and D/, that is, the approximations on which the maps are based. The short answer is yes,
when is not too large, asillustrated in Fig. 4.7. It is appropriate to comparethe relative error in
RGAg:10 to that in Dfo, and the relative error in RGBg.10 to that in D'lo. (One could argue that
we should use D4 and D}, but the results are quite similar.) We seethat, for p < pc, RGAmn
improves on DA for all . For valuesof that are larger than those plotted, we expect this
behavior to cortinue, becauseRGA ., decgs algebraically in , asdoesthe true value of D, while
DA approadesa non-zerolimit. For p > p. RGA is not an improvemert for large . We expect
this becausethe true value of D decas to a non-zerolimit in this case. Comparing RGB ., and
D!, we seemuch the samebehavior, exceptthat RGB ., doesnot give as great an improvemert
asRGA,, doesfor large and p < p.. Also, when is not too large, both RGB,., and D/, have
much smaller relative error than do RGA,,, and DA, asis expected. The generalfeatures of the
performanceof the RG maps relative to the approximate di usivities, which are discussedabove,
do not depend m and n. Similar curves are also obtained for di erent valuesof p, with the same
qualitativ e behavior depending on whether p is greater than or lessthan p¢. Particularly large and
small values of p were chosenfor Fig. 4.7 in order that the curvesbe well separated.

4.3 Behavior of the RG for large

We presern asymptotic expressionsfor Drg in the limit that is large. Although the expressions
are derived non-rigorously, we show by comparisonwith numerical evaluation of the RG mapsthat

they are obeyed to within maadhine precision. When islargeand p < pc, we believethat D / 1= .

Monte Carlo studiesin oneand two dimensionsand on the Bethe lattice shaw this behavior clearly.

The conjectured expansionabout p = 0 shaws this behavior in all dimensions. (SeeFigs. 3.2 and

3.3.) As we saw in the introduction, related models also show this behavior. We are interested
in the extent to which the RG methods capture this behavior. As ! 1 we nd the methods

RGAm.:n and RGBp,., give estimatesof D that obey

Drg / ; (4.5)

where the proportionality constart dependson p. We will shov belov how to calculate . The
di erence between (4.5) and the exact numerical evaluation of Drg given in section 4.1 deca/s
roughly exponertially with increasing . But when n=m is large enough, small oscillations are
superimposedon this deca (Figs. 4.8 and 4.9)

The exponert  depends m and n, whether we use RGA or RGB, and the dimension
of lattice, but not on p. In most cases,we can write a simple expressionfor in terms of the
coe cien ts of the linear terms in the maps. We nd that RGA., gives = 1for all m andn in
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Figure 4.7: Comparison of relative error in Drg to relative error in D” and D' on the Bethe
lattice for various values of p. For all curves,E = log;o(jDx Dwmcj=Dmc), where Dy is one of
RGAg.10, RGBg.10, DY, or D},. Upper plot: curves marked D are for D4y; curves marked rga
are for RGAg.10. Lower plot: curves marked D are for D'lo; curves marked rgb are for RGBg;1o.
When is lessthan about 10 or 100, the RG mapsimprove on the estimatesD” and D'. The RG
maps, generally perform worsefor larger . An exceptionis RGA whenp < pg, in which caseRGA
predicts algebraic decay in  with nearly the correct exponert, while the estimate D# incorrectly
decays rapidly to a constart. Notice that the statistical noisein the Monte Carlo data when both
and the error are small obscuresthe relative position of the curves.
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Figure 4.8: Approach of RGA4s5 on the Bethe lattice to asymptotic behavior. Here,
E = In(d(nD)=d(In ) + a), where the derivative is evaluated numerically, and o  0:963is
computed accordingto equation (4.8). The plot showsthat the derivative approaches A roughly
exponertially. (The irregularities at very large are due to the nite precision of computer calcu-
lations.
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Figure 4.9: Approach of RGAi14 on the Bethe lattice to asymptotic behavior. Here,
E =d(InD)=d(In )+ A, wherethe derivative is evaluated numerically, and 5 0:716is com-
puted according to equation (4.8). The plot shows that the derivative approades, but oscillates
about, A.
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onedimension, while < 1 on the other lattices, but ! 1 monotonically in both m and n. For
RGBm:n, we nd that increaseswithout bound and monotonically with m and n, but that, on
the Euclidean lattices, = 1 for special choicesof m and n. Thus, while increasingm and n makes
RGBm:n more accurate for smaller valuesof , it becomedessaccurate when is large enough.

The exponert  is determined by the coe cien ts of the leading terms in the map for p.
We nd that DA(p; ) and D' (p; ) for valuesof n from 1 to about 10, in 1,2, and 3 dimensions
and on the Bethe Lattice, are given by

D/(p;1)= a" p+ O(p?) and (4.6)
Apmoqy— L1 a" 2.
Dn(p:l) = 1 Pt O(p9); 4.7)

wherea= (d 1)=din d-dimensionsand a = 1=3 on the Bethe lattice, for z = 3. Although we have
not calculated thesecoe cien ts for larger valuesof n, we assumethat theseformulas hold with the
samevaluesof a for all n. [(4.6) holdsif and only if (4.7) holds, but we have demonstrated neither

equation for n larger than 10.] We will show below that for RGAm.n, = a, which is given by
In m(l a")
— _ n@ am),
= 4.
A In % ( 8)

In one dimension,a = 0, sothat .y, = 1for all m and n. Thus,evenfor m = 1 andn = 4 as
in LNS (19), the correct asymptotic behavior is obsened and the relative error tends to a limit.

Howewer, in higher dimensionsand on the Bethe lattice, ., < 1, and tends rapidly to 1 asm
and n increase. Thus, for p < pc, increasingm and n greatly improvesthe performance of RGA
for large

For RGB:n (exceptin onedimension)we nd that, = g, which is given by
n m)ina
B = %3 (4.9)
N

We now show that a increasesmonotonically in both m and n and approadies 1. We
alsoshow that g increaseswithout bound and monotonically in m and n, sothat g = 1 for at
most one pair of valuesof m and n. We make the substitution x = a™ andy = a". Sowe have
that 0< x < 1and0< y < 1. In the following discussionwe assumethat x andy are restricted to
this interval. Notice that, asm and n increase,x and y approad zero. Substituting for a, m, and
n, we rewrite (4.8) as

Ly. (4.10)

Similarly, the expressionfor g is

— y .
= X 4.11
B In :2; ( )

By expandingthe logarithms, it is easyto seethat o 0, g O,limy; y A =1 yin(y)=y 1),

limyi 0 A= 1,limy y 8= In(y), andlimy, o g = 1. Because o and g are symmetric in X
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and y, the limits obtained by exchanging x and y are the same. Becausewe are mostly concerned
with how these exponerts change for small m and n, we would like to show that these limits are
approaced monotonically. That is, we needto show that @ o=@ < 0 and @ g=@ < 0.

These statemerts of the monotonicity of (4.10) and (4.11) are particular casesof the fol-

lowing proposition, which we prove below.
Restrict x and y to an interval (a;b) and suppmwse

W= vy = T T,
xy)= (y;x) = 00 g0 (4.12)
with f {x)=c{x) monotonic. Then = fqx)g’x) gyx)f °¢x) is either negative or positive on
the entire interval. If >0then@=@ < 0and @=@ < 0. If < 0Othen @=@ > 0 and
@=@> 0.
We apply this proposition for = A 1, becausethe constart term doesnot a ect the
monotonicity. In this case,wehavef (x) = In(1 x) and g(x) = In( In(x)). Thusf {x)=c(x) =

xIn(x)=(1 x) and (f L)=g{x))°= (1 x+Inx)=1 x)? < 0sothat f {x)=¢{x) is monotonic. To
shaw this last inequality, we note that Inx and x 1 are equalat x = 1 and their rst derivatives
areequalat x = 1. But (Inx)%°=  1=x? < 0, while (x  1)°°= 0. Now we e\aluate .

0 00 _ 1+ Inx) 1 _ Inx+1 x
F0g’t0  gof ') = 21 00nx)? x@ Znx . x2@ xnxz 1)
which is positive, by the sameargumert given above. Thus @ o=@ < 0.
Now we apply the proposition for = g. In this case,f(x) = In(x) and g(x) =
In( In(x)). We have f {x)=¢{x) = In(x), which is monotonic. And = x 3[In(x)] 2 > 0, so

that @ g =@ < 0. Because g increasesmonotonically in m and in n, it can only assumethe value
1 for at most one pair of valuesof m and n.

We now prove the proposition stated above. From the symmetry in (4.12), we seethat if
@=@ < Ofor all x andy, then @ =@ < 0. Sowe needonly shav @ =@ < 0. We calculate

% = [g) 9w 2 00900 g0fF ) FI)gy) + g1 (v) (4.14)

Wedene (x;y)=fqx)gly) g¥x)f (y). If hasonly one maximum max iny and it occurs at
y = X, then the secondfactor in (4.14) is max sothat @ =@ > 0. Likewise,if hasonly one
minimum at y = x, then @ =@ < 0. We now shaw that indeed has only one extremum in y
and that it occursat y = x. We have @ =@ = f {x)g¥y) gq{x)f {y). Because@ =@ = 0 only if
f 4x)=cx) = f Qy)=c{y), and f {x)=c{x) is monotonic by hypothesis, the only extremum in y of
occursat y = x. From the signof = @ =@?jy=x = f Ax)g"™x)  gAx)f ), we determine if
the extremum is a maximum or a minimum. This demonstratesthe proposition.
We understand why (4.8) and (4.9) are correct with the help of Figs. 4.1 and 4.2 . Let
us choose an initial pair (p; ) with p not too near 1, but 1= small (i.,e., nearl). We seein
Fig. 4.1that the ow takesp to a value near zero,while remainslarge, and then takes to zero
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while p becomeseven smaller. Thus, the map is always in an asymptotic region for which one or
both of p and 1= is small. The behavior of the ow in these regimesis seenmore clearly on a
logarithmic scalein Fig. 4.2. It turns out that for RGA on all lattices the map for p [equation 4.3]
isindependert of as ! 1 . The sameis true for RGB on the Bethe lattice, and for d > 1. The
independenceof p® from , together with the fact that  varies exponertially with the number of
iterations, explains the obsened invariance of the curvesin Fig. 4.2 under translation along the
log axiswhen islarge. When the map hasbeeniterated until p is small, but is still large, then
plis linear in p (equation 4.6). Because °is always linear in , we have in this region that both
and p vary exponertially with the number of iterations, with an exponert that is independert

of and p and is given by (4.8) or (4.9). In this region, the curves are linear on a log-log plot (
Fig. 4.2). Finally, when p is small, but is of order 1 or smaller, p°® has a complicated dependence
on , but is linear in p sothat the composition of sewral iterations is still linear in p. Thus the
curvesin this region are invariant under a shift in logp. So, asymptotically, the curvesare similar
except that with increasing , they take a longer path in the linear (on the log-log scale) regime.
The resulting decreasen logp is determined by the slope of the line in the linear regime.

Becausethe map is actually discrete, the points do not move tangentially to the ow,
and the curves are not perfectly translationally invariant in the small p region. So one expects
some small oscillating corrections to the asymptotic behavior. Howewer, numerical results show
thesee ects to be curiously small. They are only detectable numerically when n=m is rather large
(greater than about 2). The presenceand absenceof oscillations dependingon m and n is illustrated
in Figs. 4.8and 4.9.

In one dimension, the analysis of RGB is more complicated. We cannot use a linearized
map for the ewolution of p, becausehe term of order onein p and order zeroin 1= vanishes.Using
the non-vanishing terms of lowest order, the map for p becomes

0
e, P_ 1 - P
Pt 5= o aP t - (4.15)

2m2

When p is small, but p > 1=, the quadratic term in p dominates, and the map is independen
of . As the map is iterated, p becomessmaller and 1= becomeslarger, so that, evertually the
term linear in p dominates. In this case,substituting °= (m=n) , we seethat dependenceon
cancelsand the map is again independert of . But in the crosswer region, whenp 1=, the
gquadratic equation must be solved, and the map is, in general,not independernt of . However, for
the special casethat m = 2 and n = 4, the map reducesto p®= p=2 in all regionsfor which (4.15)
is appropriate, including the crosswer region. In this case, °= =2, sothat 4 = 1for RGBoy4
in one dimension.
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CHAPTER 5

Asymptotic  Distribution

The presernt model, and related models, have already received somestudy (13; 19) that suggestghat
the probability distribution is is Gaussianat long times. The evidencesuggestthat the distribution
is Gaussianfor all < 1 (and there is no reasonto believe otherwise). In this chapter, we prove
that the distribution function of the normalized position of the walker is asymptotically normal on
a restricted domain in parameter space.

For the discussionin this chapter, we will generalizethe model slightly by making the bond
processdiscrete in time. If the bond is blocked at time n then, with probability , it will be open
at time n + 1. Likewise,if it is open at time n, then with probability , it will be blocked at time
n+ 1. Thereis a pair (; ) corresponding to ead pair (p; ) from the previous chapters. But
the cornverseis not true. There are, for instance, pairs (; ) for which the bond-state correlation
oscillatesasit decas in time.

To prove the certral limit theorem, we analyzethe dependenceof the future and the past.
If they are su cien tly independert then the distribution corvergesto a normal distribution. We
begin by shawing that the processis stationary. We can then make use of powerful results from the
well-developed theory of stationary processesln particular we show that our processis uniformly
mixing with an exponertially decaying mixing coe cien t. (The mixing coe cien t is a number that
measuresthe dependenceof future and past.) This is a rather strong statemert, which satis es the
hypothesesof a number of limit theoremsdesignedfor applications.

5.1 The Pro cess

In this sectionwe presen the notation that we will usein the remainder of the chapter. The walker
occupies the vertices of the Euclidean lattice, which we take to be Z9 together with the bonds
(edges) connecting all pairs of vertices for which one vertex diers from the other by one of the
unit vectorsf e;g. The walker attempts a step at ead time n 2 f1;2;::: g with equal probability
to one of the 2d possibleneighbors. The states of the bonds are represenied by of a set of random
variables, the bond states B¥| onefor ead bondy in the lattice at ead time n. Thus, we can
describe the state of the entire systemvia a sequenceof vector-valued random variables

(An;fBY;y 2 Bg); (5.1)

where n labels time, B is the set of all bonds, and the sequenceof attempts A, 2 f ejg are
independent, identically distributed random variableswith P(A, = ) = P(An, = ¢g) = 1=2d).
For a xed bondy, we have a random vector or sequenceof bond states BY = (B{; BY::::). We
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let the collection of all BY and all A,, be independert. We let the collection of BY be identically
distributed. A cumbersome,but precise,statemert of the independenceis

i i
wherethe equality holds for arbitrary setssatisfying the following conditions. a; and by are subsets
of the rangesof the incremerts and bond variables, respectively. The x; and z;; are positive integers
and fy; g is a set of distinct bond variables.

For eah xed bondy we take the sequenceBY to be the two state Markov chain, which
entails two free parameters. The two statesare O (blocked) and 1 (open). If the walker attempts to
crossa bond in the open state, the step is successful.lf the walker attempts to crossa bond in the
blocked state, the step fails and he remains on the samevertex until the next time, when another
attempt to crossa bond is made. For ead y, we denote the bond-state transition probabilities by

Py = P(Bpw = iiBY =) : (5.3)

The transition matrix hasthe generalform
= . 54
p 1 (5.4)

Weassume; > 0. Computing the nth power of this matrix, oneobtains the probabilities
for moving from state i to state j in n time steps

! I
(n) (n)

m_ Poo Poi _ arp" p p"

pr = = ; (5.5)
pls Y q a" p+q"

wherep= =( + ),g=1 p,and =1 . We allow pto take valueson (0; 1] and to take

valueson ( 1;1). As is evidert from (5.5), the numbers pi(;?) corverge exponertially to numbers
pj, independertly ofi. Wehavep; = pandppo=1 p= g. If we completethe speci cation of the
distribution of the bond variables by letting P(Bg = i) = pj, then for ead y, B}, is a stationary
sequence.

We de ne three random sequences| the incremen t X, the displacemen t S, and the
bond attempted at time n, Yy,

8
Eek if An=ecandBm =1, k=1;:::;d
Xn =AnB" = ex ifA = eandBm=1 k=1;:::;d
-0 otherwise ;
X0 (5.6)
Sh = Xn: So=0;
i=1
Yn = the bond extending in the direction Ap

from the vertex givenby S, 1:
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Here, S, is consideredto be a vector with its tail at the origin. In the following sections
we will study X, and Sy. We will shov that X,, is a stationary process,and that the limiting
distribution of Snzp n is the normal distribution.

We de ne the nth step by C, = (A,;BY"). Notice that C,, unlike X, carries complete
information about the attempted direction and whether it was successful. We de ne the path
C=(Cq;::;Ch),andlet 1=f e;k=1:::dg fO;lgand = (1”). Consider the evernt

S=fCy="141;:::;Ch = 1g; (5.7)

where the non-random quarntity ! = (! 1;:::;1 1) 2 4. On the event S, ead of the Y;, takesa
constart value. To seethis, beginwith Sg = 0 and note that xing Ci; = ! ; alsodeterminesY; and
S;. If Si 1 isdeterminedand Cj = !, then Yj+; and S; are determined. Therefore, the event can
also be expressed

S=fA=a;B) =b;i=1::;ng; (5.8)

wherethe constarts a;, iy, and y; are determinedvia (5.6). It follows from this obsenation that we
cantake , to bethe spaceof elemenary events and Ai;BiYi Yi:Ci; Xi, and S; to be functions of
I'. In the following we will usethe probability space( n;Fn;Pn), whereF, is the setof all subsets
of ,, and P, is constructed belov. BecauseC(!) = ! and Ci(!) = !;, we will also refer to !
asapath and!; asastep. For! 2 ,, weusethe notation ,(!) for P(Cy="11;:::;Ch = 1p).
For limp1 ( n;Fn;Pn), weusethe notation ( ;F;P). (Kolmogorov's extensiontheorem ensures
that P exists and is unique. See,for example, reference(7), pg 428.) For concatenationsof paths,
wewrite I' = (Y1;::5 0 1300 m), where! 2, 2 gp,and! 20 gpan.

We will needthe following de nition.

Denition 1. A path ! isi;j-returning if j > i, Y;(!) = Yi(!) and Yj(!) & Yi(!), for all k,
i < k < j. In other words, the path attempts a bond at time i, and attempts it again for the rst
time at time j.

We can construct (! ) iteratively. If ! is (m;n)-returning, then, using (5.2) and the
Markov property of the bond variables,

n(M)=PCUaltsiistn 1) noa(tniisitn 1)
1 ' (5.9)
= Z—dP(B%= BB = bm) n 2(1iiiiitn 1)

Becausethe ertire history is known in the conditional probability, the bond Y, = y and the time m
are known. If the bond y has not beenattempted beforetime n, then the factor in (5.9) assumes
the stationary value P(B} = b,). When'! is (i; j)-returning and y is the bond attempted at time
i, we will usethe notation

P(BY=hjB/=h)= i()+ i('); (5.10)
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where () is the term in the bond-transition probability (5.5) that is independert of , and ()
is the term that dependson . If, for a xed j, there is no i for which ! is (i; j)-returning,
then (') = 0. Thus, ()2 fp;ggand ()2f0; p'J; g’ g Inthisway, n(') canbe
decomposed,
Yo
n(l) = - gl i)+ M (5.11)

If! 2 candm;n Kk, wedene

o1
mn(!) = 2_d[ M)+ (M) (5.12)

i=m
Thus, mn(!')=PCmn="m;:5;Ch=14jCi="11;1:5;Cn 1= ! 1). Let A bethe setof all
m-tuples whoseelemerts take valueson f0;1g. We de ne, fori m,

8
< £ — 0
o=, 00 (513
() i =L
We expand the product in (5.11) and write
— 1 - .
n(t) = @d) [fe fal(t; ): (5.14)

2A n

In the remainder of this section,we presen somede nitions that will be usefulin analyzing
terms in sumssuch asthosein (5.14). Wedene T = , Ap,with m n.

De nition 2. Wesay that apair (! ; )2 T isi;j-returning if ! is(i;j)-returning andf;(; )=
(0

Remark. De nition 2 gives a necessaryand su cien t condition that f;(; ) = ¢ I wherec 2

f p; ag

De nition 3. Wesay that apair (! ; )2 T isi;j-nished ifi isthe greatestinteger, with i |,
for which the following condition holds.

For each k i, such that fx(; ) = (), there is an | i suchthat (!; ) is
(I; k)-returning.

Remark. Two immediate consequence®f De nition 3 are that fi(; ) = () (that is, ; = 0),
and that [f; f,]('; ) isindependert of ! ( and ¢ for k < i.

which f(!'; ) = O, then there is an i suchthat (! ; ) is (i;j)- nished. Furthermore, if (! ; ) is
(i; j)- nished, then i is unique.

Remark. Lemma 1 meansthat any cortributing term in sumssud as (5.14) correspondsto a pair
(!; ) that is (i; j )- nished for a uniquei.

Proof. Becausei is the maximum of a nite set of integers, it is unique. To show existence,we
assumethat (!; ) is not (i; j)- nished for any i. Then there is no i for which the condition in
De nition 3 holds. This meansthat there is somek | with with fy(; )= (), but (!; ) is
not (l; k)-returning. This implies that f¢('; )= 0. O
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5.2 Stationarit y of X,

Theorem 2. The sequen@sC, and X, are stationary. That is, for each n, the distributions of
(Ck;::i1;Cxaen) and (Xi; 75 Xken) (5.15)

are independent of k.

unions of elemerary events ! of the type in (5.7). But we argued that these events can be
expressedby the event given in (5.8), with the advantage that the random bond Y; no longer
appears. Because(5.2) holds for the event in (5.8), and, for ead v, (B‘l’; BY::::) is a stationary
sequencethen the probability of the evert in (5.8) can bewritten asthe product of probabilities of
ewverts, ead of which involves only one stationary sequence.Becausethe probability of the union
of disjoint everts is the sum of the probabilities of the ewvents, ead of which is independert of k,
the statemert of the theorem follows. O

5.3 Central Limit Theorem

We want to measurethe dependencebetweentwo everts that are separatedby n time steps. Let
A2 ,and B 2 ¢ bearbitrary paths of length r and s. We de ne the events A = fCy =
fooinCr= AgandB = fCriney = P5::1;Cr = B, .0 BecauseC; is a stationary sequence,
P(B)=P(Ci= B;:::;C = 8). wedene z= maxfp;qg:

Lemma 3. ) ]

jP(AB) P(A)P(B);

d+1 n.
5 R) (291 z )" (5.16)

Proof. BecauseP(AB) P(A)P(B) = [P(BjA) P(B)]P(A), weneedonly analyzeP (BjA) P(B).
For! %2 ,letM(9=1fCrg ="9:::;Cren="0%g Then

X
P(BjA) P(B) = P(MjA)fP(BJA\ M) P(B)g
‘X" . os : (5.17)
= r+1ir+n( !G) ren+lir+n+s( ! ) us( 7)) -
IOZ n
Let A, .5 bethesetofall 2 Apsressudithat = 1fori r. (The valuelis not important,
but we do not want to sumover ;fori r.) Wedene 9= ( ;in+1;:11; ren+s), and write
. 1 X X Al Q
P(BjA) P(B)= W,o [frer fran]( 715 )
192 2A ., s
fronst  Frones] (A1080) [ fI( % 9 @ (5.18)
Suppose ( A19B: ) is (r+ n+ Lr+ n+ 1)-nished. It follows immediately that

[frenst  frenes]( A1 9B Yisindependert of A!%and thusis equalto [f1 fs]( B; 9. On
the other hand, if ( A1 % B: )is (a;r + n+ 1)- nished for somea < r + n + 1, then there must
besomei < r+n+1andj r+n+ 1sud that ( A1°8; )is (i;j)-returning. In other
words, fi(; ) = (), and A1°B is (i;j)-returning. But this meansthat f; .n( B; 9 =
i «+m( B) =0, becausethe bond attempted by jB (r+n) Wasnot visited by any previous step in
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B It follows from Lemma 1 that someof the terms in P(B) cancelterms in P(BjA\ M), while
the remaining terms in P(B) vanish. We can now write

. 1
P(BjA) P(B)= TSNt s [frea freanes](t; ); (5.19)
(zd)n S
(r; )2t
where T consists of all pairs with the restricions ! = A10B and that (I; ) is

(a;r + n+ 1)- nished for somea < r + n + 1. [Stated more simply, (! ; ) is (a;r + n)- nished
for somea. |
Before continuing, we introduce two lemmasthat refer to the set T usedin (5.19).

Lemma 4. If (!; )2 T is (a;r + n)- nished, then
[fa  fransesl(; )=c ™M & (5.20)

where j¢ 1

Proof. For somel; > r+nandky r+n,(!; ) mustbe(ks;li)-returning; otherwise(! ; ) would
be(r+ n+ 1;r + n+ 1)- nished, but T excludessuch pairs. We make the following proposition.

If ('; ) is (kj;l)-returning, with k; > a, then (! ; ) must be (kj+1;li+1)-returning, with
a ki+1 < ki Ii+1-

To demonstratethis proposition, we considerthe two cases i, (; )= () andfy(; )=

k () separately If f.(; )= (), then, by Denition 3, (! ; ) must be (m;k;)-returning for

somem with a m < k;. But in this case,we can take ki1 = m and ;41 = k;, satisfying
the proposition. Now consider the secondcase,f,(; ) = (). Assumethat the proposition
doesnot not hold. In particular, assume(! ; ) is (kj;lj)-returning with k; > a, but that (! ; )
is not (Kj+1;lij+1)-returning for any Kij+q;li+1 with a  Kkj+1 < ki < ljs1. Then, for every j > k;
for which fi(; ) = (), ! is (m;j)-returning for somem > kj. But this implies that (!; )
is (ki; 1;)- nished, and thus cortradicts the hypothesisthat a is the largest integer for which the
condition in De nition 3 holds. Sothe proposition is proved.

Becausen+r + s ais nite, and kj+1 < kj, there must be an M for which ky = a. For
ead pair ki;l;, there is a factor of i ki in the left hand side of (5.20). Multiplying thesefactors,
we obtain a factor of raisedto an exponert. This exponert can be written

X ¥ K1
(Ii ki) =l; a+ l; Ki (5.21&)
i=1 i=2 i=1
=|1 a-+ (|| ki 1) (521b)
i=2
I, a (5.21¢c)
>r+n a; (5.21d)

where we usedthe fact that |; > k; 1 in (5.21c). The remaining factors in the L.H.S. of (5.20) take
valuesp;qand p X; q X, for positive integersx. And the coe cien ts of the factors ' % are
p; q. Sojg 1. This completesthe proof of Lemma 4. O

Lemma 5. If (!; ) 2 T is (a;r + n)-nished for somea > r, then! standsin a one-to-one
relation with an! O®suchthat (! ¢ )2 T and [fr+1  fren]('; ) [fre1 fren](T® )= 0.
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Proof. (!; ) must be (a;b)-returning for someb. Wedene ! ®by !'; = ! Ofor all i 6 a, and ! 2
asfollows. Let 10 = (eq;;1)if 'qa = (ex;0); !9 = (e;0)if 1a = ( e;l); 2= ( e;0)if
la=(ex;1);and! 9= (ex;1)if ! = ( ex;0), wherex is one of the coordinate axes. Let y; be the
bond attempted by ! ; and y° be the bond attempted by ! % Clearly, for i < a, we havey; = y2 But
fori a, ylistranslated by ey or e relativeto y;. Still, fori;j a,y; = y; if and only if y?= yjo.
Notice that we de ned ! g in such a way that this statemert holds for i = a. It follows that, for
i a, ! Vs (i;j)-returning if and only if ! is (i; j)-returning, sothat (! ¢ ) is (a;r + n)- nished.
Consider somej > a, but j 6 b. If ; = 1, then, because(! ; ) is (i;j)-returning with i  a
and!; = !Dand!; = !0 it followsthat (') = ;(!9. On the other hand, if ; = 0, then
fi(; )= (), which dependsonly on!; and not on!j, sothat ;(!)= (! 9. Now =0,
otherwise neither (! ; ) nor (! ¢ ) would be (a;r + n)- nished . Referring to (5.5), we seethat, for
any !,

a) b(t)= A Y p(t9)=pg P (5.22)
Thus terms for which (! ; ) is (a;r + n)- nished for somea > r cancelpairwise. This completes
the proof of Lemma 5. O

Now we can nish the proof of lemma 3. In Lemma 5 we shawved that terms in the sumin
(5.19) vanishif (! ; ) is (a;r + n)- nished for a > r. The remaining terms are (a;r + n)- nished
fora r. But, by Lemma 4, theseterms ead cortain a factor of *, wherex n. The remaining
factors are lessthan 1 in magnitude. Now supposeead term in the sum cortributes the the upper
bound just computed. There are 24! terms in the sum, sowe have shown the statemert in Lemma
3. O

Lemma 6. The seuene@ X, is uniformly mixing, with a mixing coe cient j (n)j < (2%1z )".
The uniform mixing condition is (see (14), page 308)
jP(AB) P(A)P(B)j _

su = (n)! G 5.23
A2M Q;BEM 1 P(A) (m (5:23)

r+n

Proof. We demonstratethat (n) is bounded by (29*1z )" uniformly in A and B as follows. The
events A and B can be written asdisjoint unions of everts of the type in the statemert of Lemma
3. Wetake A = [ jA; and B = [ ;Bj, and write

JIPALAIIN ITBjD  PiADP(B))i
=jP([ iy Ai\ Bj) P([iA)P([B))i
X

P(Ai\ Bj) P(A)P(B))
]

(5.24)

X
P(Ai)  [P(BjjAi) P(Bj)]
i i

X

=P(A) [P(BjjAi) P(Bj)]
j

< P(A)(2d+lz )n
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We state the certral limit theorem.
Theorem 7. Letz = maxfp;qg. If 8(29)z < p, thenthe following statementshold for the sequene

Xn.
p3
2= E(X?)+2 E(X1Xj)<1: (5.25)
j=2

and 8
<

im P ' 2 X<z =@) 2 e du (5.26)

Remark. There are many limit theoremsdesignedto be easily applied to speci ¢ processesucd as

Xn. The relatively strong condition that the mixing coe cien t decgs exponertially (and that X,

is bounded) allow us to choosefrom seeral sud theorems. We chooseone that is easyto state.

We note that statemerts about mixing and limits are usually made about sequenceswith index

n 2 Z. However, any stationary sequence X, : n > 0g can be enbeddedin a stationary sequence
fYn:n 2 Zg. See,for examplereference(7) pg 293.

Proof. The conclusionfollows from a theorem by Ibragimov and Linnick (re't_garence(14), theorem
185:2, pg 344). For a stationary, uniformly mixing sequence(5.25) follows if ﬁzl[ (N2 1,
and we have shawn that this is true if 2(29)z < 1. Equation (5.26) follows if 6 0. Because
E(X?) = p, we must show that the sumin (5.25) is greaterthan p. The negative cortribution to
E(X1Xj)is 2P(X1= L X; = 1). Sowe must require 8(2%z < p. O
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CHAPTER 6

Conclusions

In this chapter, we summarize our work and note someinteresting open questions. We analyzed a
model of di usion on a uctuating, disordered lattice ( the uctuating bond random walk) using
a variety of analytic and numerical techniquesin order to compute the di usion constart D. We
obtained accurate numerical results for a wide range of model parametersand veri ed the scaling
behavior that one expects on the basisof the theory of critical phenomena.

We introduced lattice uctuations by assumingthat the bonds connecting lattice sites
appear and disappear randomly in time, with p denoting the mean density of open bonds and

denoting the correlation time in the state of a single bond. We computed the di usivit y as
a function of p and . The motion is asymptotically di usiv e (the mean square displacemert is
proportional to time) excepton a critical manifold dened by =1 andp pc, wherep. is the
critical probability for bond percolation.

We performed Monte Carlo simulations of the uctuating bond random walk (FBRW) on
the Bethe lattice with z = 3 for sewral valuesof pand = exp( 1= ). We found that the motion
approades asymptotic behavior on a time scalethat divergesas (p; ) ! (pc;1). (Note that this
distinguishes (pc¢; 1) from other points on the critical manifold mentioned above.) Thus, we were
able to extract accurate estimatesof D from the Monte Carlo data for valuesof (p; ) that are not
too closeto (p¢; 1). The Monte Carlo data alsocon rmed our intuitiv e expectation that D increases
with increasing p and decreaseswith increasing .

We predicted the scaling behavior of D near the critical point (p¢; 1). We con rmed this
behavior and measuredthe critical exponerts using the Monte Carlo data for the Bethe lattice.
It remainsto understand how the exponerts in our scaling formulas are related to known scaling
exponerts. Our hypothesisshould be tested via Monte Carlo studies on Euclidean lattices as well.
We expect that the scaling behavior will exhibit universality] in particular the critical exponerts
will depend on the dimension but not on the details of the structure of the lattice. The scaling
should be found in both discrete and continuous time models, as they have the samebehavior for
large

We computed exact expansionsfor D in the limit that the number of stepsn! 1. We
computed terms in an expansionabout = 0 to seeral orders for seweral lattices. We found that
coe cien ts in this expansionare polynomialsin p, eat with a number of terms that increaseswith
the power of . With someplausible assumptions,we obtained one or two terms in an expansion
about p = 0 for the samelattices. The coe cien ts in this expansionare more complicated and are
not in generalpolynomialsin . Both expansionsagreewell with the Monte Carlo results. It would
be interesting to better characterize the terms in the expansionsin order to compute more of them
and alsoto improve our lower bound on the radius of corvergenceof the seriesin

We computed estimates of D using a renormalization group (RG) scheme and compared
the results to the estimates of D that we obtained through the methods mentioned above. The
RG stheme used here is basedon a scheme used by Levermore, et. al. (19) to study the FBRW
in one-dimension. Here we mertion the two most important extensionsto their method that we
made in this study. First, we replaceda diagramatic method for computing approximates to the
di usivit y by a special purpose computer algebra program. Second,we applied the method to
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higher dimensionsand to the Bethe lattice. While the calculation of the approximate di usivities

usedin the RG schemeis computationally expensive, once these calculations are done, the RG
method can be quickly applied to obtain an estimate of the di usivit y for any pair of parameter
values.

We provided someanswers to the question of how well the RG ow describesthe actual
FBRW. We found that the critical point in our model is represerted by the unstable xed point
(p; ) = (1;1) in the RG ow. In onedimensionthe unstable xed point is numerically equalto the
critical point in the exact model. Indeed, it hasbeenseen(19) that the RG in one dimension gives
excellent numerical predictions of D. Howewer, we showed that e ects of the super-critical phase
of the percolation problem are presert in the FBRW when is near one (e.g. in the scaling laws).
The RG hasno basin of attraction corresponding to the super-critical phase,and thus predicts the
behavior of D poorly in this region. Howewer, if is not near 1, or if p < p¢, the RG reproduces
the correct qualitative behavior, and gives good numerical results, even for d > 1. It would be
interesting to nd an RG scdhemethat makes a better prediction of the critical point] one that
captures someof the super-critical behavior.

Finally, we proved that the distribution of the walker's position corvergesto a normal
distribution (when suitably normalized) for certain model parameters. The restriction on the
parameters is computed from a lower bound on the radius of corvergenceof a particular series.
There are many interesting possible extensionsto this work. i) All other evidence(e.g. Monte
Carlo evidence)supports the claim that the seriesin fact corvergeson the entire parameter space.
A proof that this is the casewould beinteresting to obtain, asit may shedlight on the nature of the
model, in particular on the question of how to compute the di usivit y. ii) Although calculating the
varianceis in generaldi cult, it appearsthat the varianceis lessthan p for > 0. Understanding
this in a rigorous way may not be too dicult. iii) We mentioned the HZ model, which replaces
the steps at discrete times with steps occurring at exponertially distributed random times with
mean separation 1 (13). There is evidencethat this model also obeysa certral limit theorem. But
a proof might look much dierent than the presen proof, becausethe time between steps may
be arbitrarily large or small and the easyexpressionof relevant quartities as power seriesin  is
no longer possible. iv) Another physically relevant generalizationis to allow more than two bond
states. A two state Markov processin a stationary state necessarilysatis es detailed balance,and
thus the stationary measureis reversible. It would be interesting to seewhat e ects an irreversible
measuremight have on the distribution.
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Av erage Appro ximates D for the Bethe Lattice
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We tabulate the averageapproximates D4 to the di usivit y for the Bethe lattice with z = 3. We

list DA for n from 1 to 10. The approximates are computed by madine accordingto

ason pagel7.

DN p; ) = p:
1 1
Dé(p;):pl 3 _,_pzé
4 2 4 2
D3A(p;):p1 9 2—72"'925*'2—72
DA(p; ) =
p1 Ll ls 1 1, 1, 1
2 9 54 2 "9 B4 18
b Loyle L Ls 1.
27 9 27 18
D&(p; ) =
1 8 22 4 5 24
P 15 15 135 405
s B 22, %5 3, 45 2
15 ~ 15 135 405 135 135
v B3y 2 a4, 45, 2
135 405 45 81
gt S 24 45 2
135 405 45 405
+p° 4 4, 4 5 2

135

1 ..
DR (p; ) = SR

135 405

(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)



tp

tp

tp
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(p; )=
1 2 42 1,5 24 1
P 9 27 27 243 729
e 2 a2, s 2, 5 1 27 2,
9 " 27 T 27 243 720 27 243 243
sp 23,304, 85, 26,5 17, 2,5 1o
27 243 81 243 729 81 81 (A7)
st 23,24 85 1165 115 295 1,
27 243 243 729 243 729 27
s A4 B/ 1065 5, 285 1,
81 729 729 81 729 27
spp s A 17, 1l 1
729 729 729 729 81
4 10, 8 3 2, 4 5 2
7 63 189 189 1701 5103
4 10, 8 5 22, 104,
7 763 189 189 1701
268 s 32 ; 10, 8 5 8 i
5103 1701 567 1701 1701
16 5,4 ,, 20, 614, 92 , 64 g 20 4 16 4
189 27 189 5108 . 1701 1701 1701 . 1701
16 ;10 o
1701 5103
16 ,, 8 ,, 4 5 638, 668, 2 g 244, 2 g (A.8)
189 189 567 5108 5103 729 5103 1701
188 1, 2 1
5103 729
4, 188 230, 436 , 388 , 44 o 74 g
63 1701 5103 ~ 1701 5103 1701 5103
92 n, 2 1
1701 567
104 ;292 o 412, 500 g 4 o 94 , 20, 38 o
1701 ~ 5103 1701 ~ 5103 189 5103 567 5103
76 o, 416 ; 200 g 80 o 38 ,, 44 ;16 o
1701 ~ 5108 5103 5103 5103 5103 5103



+p°

6

3
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2 5 3 1 4 1 5 1 6 1 7

1

12 6 108 81 324 1458 8748
1 5 , 41, 23, 187 4 233,
6

o+ 224 — -

108 324 324 2916 8748
7 g T 9 5 20 2 1 2
2916 729 486 729 729

E3+§4+}5+§6+4617+£8 1339+ 29 10
9

54 162 729 8748 243 8748 1458
e 11 1 4l g 1 w1 s

486 486 4374 1458 729

545,19, 15 145, 839, 37 1185, 137

54 324 27 1458 8748 162 8748 8748
L 64y 11 5, 205 5 35 4, 13 ;5 8 g

729 1458 4374 4374 2187 2187
2, 255 22, 457 ; 1028 25034 100 ;, 803 (A.9)

27 162 729 2916 = 2187 8748 2187 4374
199 1, 859 5, 169 i, 41 4 32 g

4374 8748 4374 2916 2187

13 5, 415 17 ; 2689, 3289, 161 j, 305 ;, 679

162 ~ 2916 324 4374 ~ 8748 1458 1458 8748
937 13 89 i, 59 15 16 4

8748 1458 2916 729
19 ¢ 413 ; 1919, 610 o 475 , 95 ;241 ;, 527

243 4374 4374 2187 4374 729 4374 8748
L 91 4, 133 45 32 4

2187 8748 2187

263 ; 1135, 184 o 331 ;5 149 ;; 43 g, 121 ;5 23
4374 8748 2187 8748 4374 2916 8748 2187
+215 8 1

2916 2187

14




16 14, 4 ,

0, 8 5 2
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6 4 7 2 8

' 27 8 8 7 2187 2187 19683 50049
pz 0 14, 4, 98, 1725 160 5 644 ; 1960 ,
27 81 81 729 2187 2187 19683 59049
92 4 298 4, 112 ,, 40 5, 32 44 32 o,
6561 19683 19683 6561 19683 19683
;o 8o, 116, 28 . 302 1016 , 1868 5 388 o 152
81 729 243 2187 10683 19683 19683 59049
104 4, 92 p 320 g5
6561 19683 19683
L 14 4, 184 4o 26 45 16 ;14 g
19683 19683 19683 19683 19683
pt B ay 52 4, 44 58, 1852 7 478 5 5548 o 1040 4
81 729 729 729 19683 2187 59049 19683
2180 ;,, 698 ;, 5356 ;5 1150 i, 964 15 748 i
19683 59049 59049 59049 19683 59049
;.32 7, 8 s 28 19, 4 2
19683 59049 19683 59049
s 04 M2 194 o 520 ;24188 5 26900 20012 3, 3496
243 2187 2187 6561 59049 59049 59049 19683
3130 ;, 10348 ;; 6056 ,, 7348 15 4538 i 244 o
59049 59049 59049 59049 59049 59049
158 4. 124 45 136 4
19683 19683 59049 (A.10)
o 208 5 152 208 , 23924 5 19684 5 15688 1 664
2187 729 2187 59049 19683 19683 19683
, 10526 ,, 8884 ,5 11162 ,, 1228 ;5 1018 ;4 964 ,; 1282 44
59049 59049 59049 6561 6561 59049 59049
8 19, 56 2
729 6561
o 165 4552 ; 5296 o 71164 o 58720y 4216 ,, 17342
729 19683 59049 50049 59049 19683 59049
1708 4, 9764 4, 3236 ;5 8908 15 556 5, 1552
59049 59049 19683 59049 19683 59049
L 184 19 736 o
19683 59049
po 2104 o B708 o 46220 5 37798 5, 4684 ;13000
19683 59049 50049 59049 19683 59049
2192 4; 4096 4, 4504 5 4274 15 1228 5, 314 g
59049 59049 59049 59049 59049 19683
_76 19, 484 5
19683 59049
g 556 o 460 o 122, 1544, 3668 ,, 1064
6561 = 2187 729 19683 59049 59049
, 214 4, 280 4 272 4o 328 g 282 45 4 g
19683 19683 19683 59049 59049 6561
40

19683
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8

10
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3 8 , 7 4 2 , 1 4 4 1, 2 g 1,
5 45 135 135 243 3645 3645 32805 98415
3,8, 7 5 19, 108 5 208 g 187 ; 1267 5 1727 o 631 g
5 45 135 135 1215 3645 3645 32805 98415 32805
2 n 298 o 112 45 8 1 32 s 32 16
243 32805 32805 2187 32805 32805
14 5 22 4, 16 5 526 o 37 ; 1076 5 1417 o 2104 g
135 135 135 3645 729 10935 98415 32805
593 5, 308 4, 727 13 16 ., 1628 g4 52 15 46
32805 32805 32805 32805 98415 32805 6561
14 g 38 19 14 5 4
6561 32805 32805 98415
4 o5 11, 32 5 282§ 10 ; 256 5 7171 o 4055 ;o 21107 g
135 135 405 3645 405 1215 98415 19683 98415
, 839 1, 14903 g5 1519 4, 596 ;5 2968 15 268 1
98415 98415 98415 6561 98415 6561
144 g5 98 g 16 g, 172 124 g 8 13,
98415 32805 6561 98415 98415 32805 32805
44 262 5 494 o 7 ; 11852 5 3971 g
45 1215 3645 405 32805 98415
, 20072 yo 77789 4y 758 g, 1481 3 14326 4, 21802 g
32805 98415 98415 3645 98415 98415
, 20198 1o 14584 g7 10934 g5 124 g9 1976, 44 g
98415 98415 98415 6561 98415 3645
L 82 2 26 g 9, 86 s
10935 19683 32805 98415
26 5, 958 5, 259 , 1558 5 79513 o 48296 1o
243 3645 1215 6561 98415 32805
180163 ,; 18301 ,, 24023 ;5 39109 ,, 32324 .5 48659 g (A11)
98415 98415 32805 98415 98415 98415
3938 ;6430 15 8812 4o 6169 1618 , 134
10935 19683 98415 98415 32805 6561
106 5,3 989 4 86 55
10935 98415 19683
152 46 ; 6218 5 71788 o 46642 ;5 273811 ;y 28 1, 98516 5
1215 135 32805 98415 19683 98415 45 98415
58766 14 30518 g5 20584 15 17627 g7 9808 g5 6209 19 11176
98415 98415 32805 32805 19683 32805 98415
1027 5 628 2036 o3 1016 o 172 o
19683 19683 98415 98415 19683
526 7, 12113 5 2684 o 80321 1o 261779 gy 18257 1, 31556 g
3645 32805 19683 32805 98415 19683 32805
54221 4, 18406 ;5 15050 1o 46021 1, 8398 15 2177 19 11792 5 667
98415 98415 32805 98415 19683 10935 98415 6561
64 g 2044 5 683 o 172 g
2187 98415 32805 19683
556 5 23438 o 15542 5o 141541 1 63926 1, 17864 13 9586 14
3645 98415 10935 98415 98415 32805 32805
52 .5 18412 .5 2393 ,, 19124 ;5 10219 ;4 6586 5, 1061 o
729 98415 10935 98415 98415 98415 19683
478 5, 334 3 226 o, 86 s
" 32805 32805 19683 19683
12194 o 34297 4, 32681 4, 17203 ,, 4324 .5 6539 o,
98415 98415 98415 98415 32805 98415
1394 .5 1102 .5 1403 ,; 3604 g5 707 g4 299 Lo 1141 4
98415 32805 32805 98415 32805 19683 98415
298 5 194 .5 251 o, 86 s
98415 98415 98415 98415
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